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Authors Preface. 


N the writing of this Hiſtory, there were theſe two 
Things which I propos'd to my Self. 

1. To aſſert the Principal Inventions of this Method, 
to their Firſt and Genuine Authors ; and eſpecially 
thoſe of Sir Iſaac Newton, who has vafily the Advan- 
tage of all others, as well in reſpect of Priority of Time, 
as the Great and Noble Nature of his Diſcoveries, 

2. To open a plain and eaſy way for Beginners 10 
anderſtand theſe Matters, and to furniſh them with ſome- 
_ thing that might ſerve as an Introduction to the Wri- 
tings of Sir Iſaac Newton, Dr. Cheyne, and others, 
on this moſt Curiaus Subject: And if this Treatiſe may 
be of any aſe for that purpoſe, I have obtain d my End. 

While this was in the Preſs, there came forth a Book, 
by Order of the Royal Society, with the Title of Com- 
mercium Epiſtolicum, Containing what lies ſcatter d 
up and down in Dr. Wallis's Works, and various other 
Letters never before Publiſh d, between Mr. Collins, 
Sir Iſaac Newton, Mr. Leibnitz, and others. In which 
the Diſpute between Sir Iſaac Newton and Mr. Leib- 
nitz, bout he Firſt Invention of Fluxions, is ſer in 
as clear a Light as can be deſired or hoped for. 

The laft Chapter of this Treatiſe, Contains ſome 
things taken out of that Piece, it being a very ſcarce 
Book, but few Printed, and none to be met with among } 
the Bookſellers. Sr 
I ſhall detain the Reader no longer, but leave this 

little Work to bis Opinion and Cenſure. TY 
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CHAP. I: 
Of the firſs Author, or Authors of Fluxions. 
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FTE R the feveral Methods of Exbauftions and Ind iviſblas, 
| firſt of all invented Archimedes, and ſeveral Apes — 


| and again further improv'd and exhibited in a new Form by 
the celebrated Dr. Vallm, under the Title of Arithmetick of + nook and. 
after thoſe known Methods of Mercator and Gr and Dr. from 
the latter of which (as Mr. Craig juſtly 5 ans ſtole moſt 
Part of what he calls his Inventions, it is evident Sir Iſaac Newton about 
the Years 1665. and 1666. began to advance thoſe Merhods (to 4 very. 
great Perfetion) in his own incomparable one of Flaxjons , which e 
Gy ſeveral Letters) communicated to ſome of the beſt Mathematicians in 
. 1 but which he would never be pleas d to pubfiſni 

the Tear 4 
About the Yar 1670. Mr. Collins writ to Mr. James Gregory, that 


Sir Iſaac had by him 2 general Method of 2s the late 
Dr. {Sls tells us, in his Geometrical r in Latin 
in the Year, 1684. pag. 3. and among other Mathematicians he commu- 
nicated the fame in a Letter in the Year 1676. to Mr. Leibnitz (of 
Germany) in (a) Letters tranſpogd as underneath, which Mr. Leibnitu 
having decypher'd, found this Sentence contain'd under them, viz. 
Data æquatione fluentes quotcunque quattitates inuotvents invenire Finxio- 
nes vice verſa: In Engliſh thus, — — — — . 
never ſo many flowing Quantitier to find t xions amd vice verſa; 4 
1 and writ in 2 that 
— had found out a —1 4 unlike — as 1 himſelf has bin- 

pag. 253. Nriucip Math. but defer 1 i thing 
of ds fiid own Invention, till . of Ofobex, in the _ 1684. 
| ny 1 2 g (a) In 


— . 
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(a) bacede 13e/ſ1i31gngoqgrra5gti20rs : 


reviv'd and improv'd (under the latter Name) by Cavallerins, 


F 
(a) In the ſame Year, viz. 1676. Sir Iſaac, in a Letter written to 
Mr. O b- then Secretary to the Royal Society, fignify'd (b) that 
Be bad a Method of drawing of Tangents, after the manu e 
but which was more general than that of Slufius ; that bis Method di 
e at gquatious however _ adfeFed by.. radical Signs involving one or 
both of the Fluents (viz, the Ordinate and the abſciſe) but that, by it, 
Be could immediately draw the Tangent without any (previous) Reduction of 
ſuch ions, which commonly emblrras d the Operation with almoſt im- 
menſe Trouble: And that this Method would alſo hold not only, for draw- 
mg Tangents to Curves, and for determining the Maxima and. Minima; but 
alfo for ſquaring Cures, and ſolving. of other Queſtions, and that by its Help 
be bad found ſome general Theorems for the Quadratures of Curves (c); and 
there he ſubjoyns an-univerſal Theorem for the Quadrature of Binomial 
Curves, which he calls the ff (viz. of its Rank or kind) that is, the 
firſt of a-Serjes: of. Theorems which (after a Binomial) may be carried 
on to a.7rinomial, Quadrinomial, &c. ad Infinitum, or to an Infinitino- 
mial N and) then again, he ſhews the firſt Steps of a Series or Progreſſi- 
on of ſuch-infinitinomial Series multiplyed. into one another, even ad in- 
Faitum,. as ſhall be further explain d in its proper Place. af 
He had- alſo then (viz. in 16760. contriwvd Methods for extracting 
the Roots of Flasional Equations, that is, (to uſe Dr. Cheyne's Words) 
for findi ach Equations wherein the Indeterminate 2 
flowing & ir Fluxions are ſo confounded together, t 
keeping the ſame Indetermmate Quantities (or Letters that repreſent the 
Fluents) they cannot eafily be ſeparated. | 2 
ih, He had then out general Methods for comparing of ſuch 
which could not be Geometrically ſquared, with other more 
ſimple ones, and had communicated them to ſome of his uaintance, 
as is evident from the (4) | aforeſaid 2d. Vol. of Dr. Valliss Works, as 
alſo from his Treatiſe of Quadratures. So that I am at ſome Loſs to 
knom whether I may ſay, that in theſe things he has anticipated the In- 
ventions of every Body elſe, or given them an Opportunity, by his very 
freeway of communicating his own to his Acquaintance, to publiſh them 
under other Shapes, or in another Dreis. | * 

. But at h in the Year 1704. he was . to publiſh. (at leaſt. 
Parr of) that Treatiſe reviv'd, which in the Year 1671. he had prepar'd 
for the Preſs as we mention'd before; and which in 1697. Mr. Pro- 
_ felfor Halle, and. I, had in our Hands at Cambridge, in order to. bring it 
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_ (a) Se Wall. Vol. II. 0p. Math. p. 390. | 
* (b) A Treatiſe be bad formerly written of this Nature, had the Misfortune to be burnt as 18 
hinted in Dr. Wallis, Vol. II. p. 390. Vid. p. 391. 
te) See p. 393. and at the End of one of bis Lecture, in the Tear 1676. 
(d) Page 393. 4s above, 4.7 5 
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(3) 
bp. to be printed, and which was then very much worn by having been 
lent out; but he at that time defird it back again for ſome further 
Reviſal, and never could be perſwaded to print it afterwards, till the 


Aid. Year, 1 ian a n Jenn. 8 x 

Sir Iſaac therefore, before or about the Years 1665. and 1666. found 
out this Method, and in the Lear 1676. gave ſome ' Notice of it to 
(a) Mr. Leibnitz, who a confiderable time afterwards, © viz. in the 
Month of October, 1684. firſt publiſh'd the Prineiples of his Differential 
Calculus in the 4. Erud. that is nineteen Years after the ſame was 
Found out by Sir Jaac, and 8 Years after Sir 1/aac had communicated 
theſe Notices of it to him: * ene 


and therefore by way of RetraQation talks after this Rate of his p- 
gſed) Leibnitian Invention; Caterum in biſce, &c. But in all theſe 
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(a) See Phil. Nat. Princip. Math. 5. 252. 


* 
. 
Ee 
* 
* 
o 
— . 
1 


Ar. . 
2 Of NO TATION, &c. 


of this his Invention does ipeliiGy eppenry 
be might at fiaſt fall upon the ſame Method of PunQari 


| In a Lemma in Ng. 256. of his Princip. Ph 
where he gives the Algorithm of this Method, be uſes another 


n 
il. 
Oc. a, b, c, Cc. reſpettively. (a) Mr. Mieu- 
* &c.) follows Dr. Barrow in aſſigning the Vowels a, e, 3, o, 
Differeatials (or Flaxiors) which he calls init e, Parts. e wth 
Leibuitz, choſe another Way of Notation, different from both 
herein he is followed by the two Brothers, Jobx and Fames 
nd by the Gama and French Nations and other Parts of 
»), 


A * 
tf Foe 


expreſſes the Differences (or Flaxions)) of his indetermina 
Viz, x, OT os 23 


— TEC Cr IN 
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() Analyſis Inkaitorum. 


EE. 


(5) : 


dddx; as alſo dels, &\*, dz|*, and ſoon : This way of Notation is fol- 


low d among us by Mr. John Craig. But the firſt and moſt learned Au- 
thor of theſe Methods, dir [aac Newton, makes uſe of Points, and denotes 
thoſe firſt Differences (which by a Name congruous to their Generation, 
being confider'd as the firſt Increments or Decrements of a continued 


Motion, he calls Fluxions) thus, viz. x, y, z 3 and their ſecond Flu. 


xions by double Punctations thus, x, ), x; and the third thus, x, y, z, 
Sc. ad infinitum. To theſe Quantities he adds others of another Gen- 
der, and which in relation to Finite ones may be conceiv'd as infi- 


nitely great, and denotes them thus x, 75 2, whereof the firſt or finite 
Quantities themſelves, viz. x, y, x, may be conceiv'd as Fluxions, and 
they themſelves as Fluxions of others of a yet higher Gender or ſecond 
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Degree of Infinity, viz. of x, 5„ 23 and thoſe again of others, as x, y, z, 
c. ad infinitum; ſo that they would conſtitute a Series after this man- 


- 
0 6 


ner, viz. xz, x, z, z, x, z, z, x, x, &c. infinitely continuable on both ſides 
of the ordinary (or * Quantity, wherein every ſubſequent one 
may be conſider'd as a Fluxion of the precedent, and conſequently 
every precedent one as a Fluent of the ſubſequent. After the 
ſame manner the following Series's are to be underſtood, viz. 


* VA, Va-, Ver mm Va, V-, &c. as allo this 


tz 
== =, == = c. ad inf. where (ſays Sir Iſaac) every 
former Quantity is the Area of a Curve, whoſe redtangular Ordinate is 
the 2 Quantity, and its Abſciſſe 2; as Vr will be 
the Area of a Curve whoſe Ordinate is VAE and its Abſciſſe z. Thus 
a Point (taken in a leſs reſtrain'd ſenſe) may be confider'd as the Flu- 
xion of a Line, a Line as the Fluxion of a Plane, and a Plane as the 
Fluxion of a Solid, and a finite Solid as the Fluxion of a (partially) 
infinite one, and that again as the Fluxion of one of an higher Gender of 
Infinity, and ſo on ad inf. which we ſhall further illuſtrate in ſome Diſ- 


ax | 2% 


ſertations at the end of this Treatiſe. Thus alſo ſuch Series as theſe, viz. 


— 25 25 Au; &c. 2. 25 7», Kc. 5 * => Kc. ad Inf. 
as alſo ſeveral others, may be made uſe of to repreſent Quantities of 
different Genders upon different occafions : And if any Reader is ſcru- 
pulous of admitting theſe and the = Degrees of Fluxions, they 

| | . may 


RY 
. * 


- ſoribd, and generated by bein 


| a * _— 71 * * , 
> VS : i * \ a = ee : a "Oe I wy my 2 > "mo . * R * 
„ * N a * * * a 2 * To r by 
- * : Po * " Y * oy —_ \ _ 
* 5 . * T , _ 

4 j 

Ps . * 4 * „ " * 
ey - „ E * 


- * * 
88 * 4 8 
9 * _ þ. - 
* - — . 
N 4 2 > 
i „5 222 3 1 3 
> " S * - * p 
4 1 * = o 


ge 
* 


| Yo 7 5 
” 
a 


may pleaſe to.canfider that Sir Iſaac Newtow and Mr. Laibaitz (the in 


fomewhat a different fenſe from one another) have long ago admit- 
red them, Mr. Leibnitz, in the 4# Erud. for the Mon February 
1689, in an Effay about the Canſes 7 the Cak/tial Motions, writes thus, 
inter demonſfrandum, &c. I have made uſe in my ations 
Dnantities incomparably ſmall, viz. of the difference of two common or 
ordinary Quantities, incomparable (by reaſon of its ſmallneſs) to the Quan. 
tities themſelves. And thus, if I am not miſtaken, theſe Duantities may 
eafily become intelligible , and if any one refuſes to admit of Srantities that 
are infenitely ſmall, he may aſſume them as ſmall as be thinks will ſuffice 
far bw purpoſe, that they may be incomparable, and produce an Error of 
no moment, or leſs than any given (or aſignable)] one. As e. g. the Earth 


 (itſelf”) may be reckon'd as a Point, or the Diameter of the Earth as a 


Line, *inffnitely ſhort, in compariſon to the Heaven. Thus it may be demon- 


fivated, if the Sides of an Angle ſtand on ſo ſmall a Baſe, that it bears 


no Compariſon to them, that the Angle comprebended under thoſe Sides 
will be . IL ls than a right one; and that the di — the 
Sides, (upon the ſuppoſition there is any) vill be incomparable to the Sides 
themſelues; alſo that the difference of the whole Sine, Sine and 
Kant, will be incomparable to the Quantities differing, as will be lrkewiſe 
the difference of the Sine, Chard, Arch, and Tangent; whence when theſe 
themſelves are infinitely ſmall, their differences will be infinitely infinite ſmall, 
and the. verſed Sine will alſo be inſinitely infinite ſmall, and conſequently 
incomparable ta the right Sine. and there are infinite Degrees as well of 
zmfnite [ Quantities, ] as of infinitely ſmall ones. And you may make uſe 
of common Triangles ſunilar to thoſe unaſſignable | or infinitely ſmall ones, 
which are of great uſe in drawing Tangents, and in determining the Ma- 
xima. and Minima, and explaining the Curvature of Lines, and alnoſ mii. 
verſally in the Tranſlation: fr Application] of Geometry to Nature; 
for if Matim be expreſi'd by a comanm Line which the moveable Bo 
abſolves. in any. given- time, the Impetus or Velocity. will be Pd by a 
Line infinitely ſmall, and the 

locity, ſuch as is the centripetal 


before talk'd much: after the fame. manner, but infinitely. more 
cautiouſly, as well as naturally, as may be ſeen in pag. 165 of his 
icks : I here conſder Mathematical Quantities not as confiſting of [ infi. 
n ſmall, Parts, but as. deſcrib'd. by comtinual Motion Lines are de- 
go 4jerivd, not by the Appoſition of Parts, 
mts, Surfaces by the Motion of Lines, So- 
les by the Rotation [ or mage ys of 
„ and ſo in other things, The Gene- 
ration: 


— | — 
: 1 — 
their Sides, Time by a continned Fl, 
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rations * nine are really in Mature, and are du fer in oe 
— 2 Bu to neuen te Notation: Sir Haar bronght into 
aſe. forme others, (occaſion obliging him tu fome of the former ways, 
as he himſelf acquaints us) more commodioufly to 8 
rations of this Caladas, and which now have beer in uſe 
thoſe Mathematicians that have follew'd him; which may be 
Dr. Vallis, p. 315. Vol. 3. of the laſt Edition 7 28 hay be ni 


for 
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and for the Square of of «ifs | . . . Fe 


V aa—ax Sama 


To theſe m „ thoſe Operations of his in relation to 
the Hydicrr of 


1. That the Addition "of the Indices is equivalent to the Multiplica- 
tion of the Powers; as'x*xx*=x**3==x5, 


2. The Subſtraction of Indices is equivalent in this Method of Ex- 
preſiion of Indices, to the Diviſion of Powers; thus Sener 


3. The Multiplication of Indices is equivalent to the Imvolution of 
the Powers to which they are prefix d; thus x33 is = Cub. K . 


4- The Diviſion of the Indices is equivalent to Evolution, or the * 
traction of Roots; e. g. 11 = =V/x* becauſe x to the Cube of x*= 


(8) 

Sir Iſaac moxeover_ has very commodiouſly brought into uſe another 
Matos er Notation, in dir abotomentiond Treatiſe. of Quadratures, 
particularly . of a very extraordinary and commodious uſe in theſe 
caſes; vix. n Letter for a whole Series. See 


page 176 © his Quadratur. For example, make . 
1221 5 AW e NN Ng by, E7%G. R. - 
"Et" 4m +1", Cc. =8S, c. EO. 

Then will Yig Ye = Mc. c. whence ſubſtituting 
RR. = N, or for R>, both in the Operation and the Demonſtration, 
but more particularly as a directory Canon for ordering the Series, of 
what uſe it will be, ſhall be hereafter ſhewn. I ſhall not here trouble 
my Reader with the particular Notations of ſome other Perſons, only 
made uſe of perhaps to prevent (if it had been poſſible) the Suſpi- 
cion of their having been Hagiaries, by differing from ſome others 
that had been-communicated to them before (ſuch are ſome of Leib. 
.nitz) as an ingenuous Reader of both will eafily gueſs, becauſe it will 
not be woith my while to -trouble him with 'em here. 


CAP. III. 
Of ſpecious Involution & Evolution. 


A Vere the reſt of Sir Jaac's Inventions (which are of uſe particu- 
larly to the Method of Fluxions) that is none of the leaſt which 
he firſt of all invented, for raifing any ſpecious Quantity to any Power 
deſir d, or for extracting any given Root of it. 

He imparted the ſame (as a in the 91ſt Chapter of the ſecond 


Volume of Dr. Nulli.) in the Year 1676 in two Letters, to Mr. Olden- 
burgh, then. Secretary of the Royal Society, to be communicated to the 


Society, which Lettets are extant in the third Volume of Dr. Vallis's 
Works, and mention made of them in the ſecond Volume, page 369. 
There he ſhews that the Uncie, or Numbers prefix d to the reſpedtive Mem- 
bers of Powers.rais'd from Binomgal Roots, the general Exponent of all which, 
(to be particularly determin'd as occaſion requires) be there denotes by the 
Letter n, ariſe by a continued Multiplication of this Series, viz. 


m-0,mn-1 22 n — m4 
NN NN cc. 
rene oc 


which 


(9) 
Which Proceſs, if m (the Exponent of the Power ) be an Integer Number, 
will be determin'd after a certain Number of Places as cach Power ſhall 
reſpe@ively require, ending with Unity as it begun. But if m (the Exponent 
7 the Power ) be a Fraction, the Series will continue on ad infinitum in 
negative Members. But as this Theorem is now grown common among 
Mathematicians, we ſhall make no farther mention of it. From this 
Proceſs (and ſome other of the ſame nature) he deduces theſe and ſuch 


like Theorems for the raiſing of Powers and Extraction of Roots. 
1e. TCA TN = BO == CQ+ => DQ, Oc. or 
a, PFF P. + =—AQ+==BQ+ _ CQ+ 55 DQ Or. 


Where P wn the given Quantity the Root whereof is to be extra- 
Qed, or ſome Power to be rais d from it: P is the firſt Term of the 
faid Quantity, Q is its Remainder (whether that Remainder be a Bi- 
nome or a Trinome, &c.) divided by P; and . the Exponent of the 


Root or Dimenfion ſought. This Remainder is ſo to be underſtood 
(as may be ſeen pag. 376.) as that it may ſerve both for raiſing of 
Powers, and extracting of Roots of a — man of ſeveral Mem 

which will either run out into an infinite Series, or a finite Quantity, 
according as the caſe requires. He has added eight Examples of ſuch a 
Proceſs (Chap. 91.) whereof we ſhall here tranſcribe only two or three, 


Examp. 1. 


ccf or cob xx τ 2 de T ret 1250 ＋ 2560 He. 
m 


For in this caſe you'll have P cc. Q =,m=1, n=2. A=(P" = 


= BQ) = der 0 


* 
7 m XX 0 
« c ) c. B( = AQ)=.C(= 
Examp. 2. 


get 
8 858 — bo 
« 2X TEX =23_.+ c. Which ſubſtituting 1 =, 


2569 
« ez, =P, & ch) cix — x5 (Q. Or alſo ſubſtituting- — x5 = P 
© -A) c YC (Q. VT + (x —- x5 will be =—x + — 
] TEN 


D co + 


A . 
Ub 


Gro) 


n e. The fut is moſt eligible if x be very 


77 
ſmall, the latter if it be very great. 
3 | Examp. 3. 
y y = ag *hat is N =Nx7+5;+ 75 +5 Cc. 
For here P is N. ON. m=1. 123. A(= A iv 
wt x) = 5 c. C Oe. 


And by the ſame Rule we may alſo perform, as well in Numbers as 


<* in Species, the Generation of Powers, Divifion by P or b 
Y radical Quantities, and the Extraction of the Roots of fu oy 
Theo. 


«© Powers, and the like, A other I of theſe 
rems, I ſhall only ſet down the following one == which Mr. Heynes 


communicated to me, before any other I have ſeen were ex- 
tant, tho ſomewhat out of place, viz. To inveſtigate any Root or 
Power of a-+ x, which e. g. ſhall be denored by m, viz. a+ |". 
Aﬀume a+ x" =b + ox + dr + ex c. 
Then will * = ox + 2dxx + 3ex%s kr. And dividing: 
by x. 
mxa + ＋ 2 c + 2dx + 3ex?, &c. 


Then will BELL = mxaF x =ax = 


Fee & conſequently bm + cms + dnx"+ emx3 NC. 
= 2adx + d 3 Kc. 

WT Tran gc, and by putting þ = a, as the na- 
ture of. Powers requires, you'll have. 


c = Han 

= xm ( By comparing the Ho- 
4d s 2 Ke * mologous ay 
SR m0—=3 


& TA e I Nn] &c. 


SAA r &c. And 


_ = 
- a 
* - 


* ry 
* 


Enn 
Then putting A for the firſt Term, B for the ſecond, C for the third, & 


4 MET m-1 m2 
ey makings =Q. you haue S +mAQ+ 2 B I CQ+ vc. 
ich is the very Expreſſion of Sir Iſaac Newton we juſt now ſhew'd. 
— — i Quantities 2 the Caſe yo 5 the other 
comes out after the ſame way. The ingenious Mr. Ahr. de Moivre like- 
wiſe in the Philoſapb. Tranſa#. N* 230, ſhews a Method for elevating 
multinomial or inſinitinomial Quantity to any indeterminate Power, . 
or for extrafting any given Root of it, which we ſhall here tranſlate 
from his 22 But you are firſt to note that m (the Index) - 
ſtands either for an Integer or FraQtion, as the caſe requires. 
m—r- 


TE + oa ++ ac" = * Fin RE. 
4 ʃ• © 
— 
ric 


1 
* ana c z 13 


2 y * TIT". - 
4. 3 5 0 4 N EG 
I wee 8 Tr » * — 4 
N 3 1 * m7 
. 


x 222. 4%=2 be” * 2 14 &c, &c, 


4 n | 25 
3 „ Tn this Series the Law of Continuation is this 4 To find all the- - 
+ Members of axy Term, L mmkihe the Members of the Term imme- 

* diately preceding it by .2, alſo all the Members of the Term imme- 

* diately preceding this laft I multiply by <. excepting thoſe wherein - 

is found 5. Again I multiply all the Members of the Term in like 

N manner preceding 1 —— 

* found þ or c. And all the Members of the Term immediate! | 

„ ding this laſt I multiply again by 2, excepting thoſe in which 15 

* * or c, or d. And thus by going back thro all the Terms 


before found, you'll find by collecting them all the Members that en- 
© ter that (reſpective) Term of the Series; whoſe Lucia, or the Num- 
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« pers to be prefix d to em, are thus to be found, For any Member 
« of any Term of the Series, rake ſo many Terms of this Series 
<= n-! m—2 x m—3, &c. as there are Units in the Sum of the 
4 & Bxponents of the Letters b, c, d, e, &c. in that Member; make 
4 this the Numerator of a Fraction, whoſe Denominator will be 
the Product of the Series's 1 * 2 * 3 4, &c. IX 2* 3 * 4, &c. 
„ 1 * 3 * 4 * 5, Cc. the firſt whereof has as many Terms as there 
< are Units in the Exponent of 5, the ſecond as many Terms as there 
< are Units in the Exponent of c, the third as many as there are Ul- 
4 nits in the Exponent of d, &c. The Demonſtration may be ſeen in 
the place aforeſaid. | 


. Cheyne has furniſh'd us with a very expeditious Method to the 


Dr 
ſame purpoſe, and which (as he acquaints us in the 58th Page of his 
Twerſs 


Meth.) may be continued ad inf. by Inſpection, viz. 


a + bx + cx* + dx3 Tex“ Wl'= + a+ HED 


+= — + 1..2hC x3 + — A— 1 = ¹ x4 &c. 


And the Tenth Term of courſe will be 


— — — —ů—ů— — —— — 


& In this Series every great Letter denotes the whole Coefficient im- 
% mediately preceding it, where it firſt ariſes or is brought in, and 
« every where is of the ſame value. He adds an Example yet more 
complicated, which the Reader may, if he pleaſes, at his Leiſure conſult. 
He adds alfs this juſt Memorandum to theſe Methods, viz. © All that 
< relates to this Affair may be had from the firſt Inventor Sir Iſaac New- 
tom ; for if (as he adviſes) for the firſt Term of the Quantity to be 
< elevated you put p, for the reſt, excepting the firſt, you put 9, you'll 
« eafily obtain whatever can be defir'd of this nature. 

But there is nothing more eaſy than to obtain the Terms of ſuch a 
Series as far as you pleaſe, by mere Inſpection, if you diſpoſe them 

after a Tabular Method, thus, viz. 


W 


—— 


. 


M. Moivre4y the Exponent of 4 Letter means the Number which expreſſes what Place the 

Letter bas in the Alphabet ; So 3 is the Exponent of the Letter c, becauſe the Letter e is the 

third in the Alphabet, &c. B 
y 
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6ugA [| 51—1fB | 41 —2eC| 31—3dD] 21—4cE | 1—56bFx5 


7abA 64—1gB 5n—2fC 4x —3eD 31 —4dE — n-6þGx7 
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10|/gnkA |8:—1iB 7—2bC 61—2gD | 51—4fE 1 21 —7cH{|»—B8bIx? 


110A | o4—1KB | 8+—2iC |71—35D|61—4gE |5r—5f F | 41—64G| 317d] 21 — 8d |1—ghKx: 
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| &c. ad int 
And every Member of this Series is divided, viz. the firſt by a, the ſecond by 2a, the third by 3a, and ſo on ad inf. that is, 
the Seriex's above make the Numerators, and a, 2a, 3a, &c. the Denominators of each Member. 


In its proper plate we ſhall few the Inveſtigation of this Theorem. 55.64 7 ²˙1³“ oe: 
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| k ſufficientl evident that by either of theſe Methods, the Powers 
>. — of 7. — 1 Quantities, Oc. may be obtain d. 
vix. by making all the | j 
icular Nome ſought, equal to nothing. So that nothing farther 
CD be wanting 6 — this Method, that is not as eafily 
obtain d as the Reader can wiſh. 


RL LLLALLALARALLALE 
PEDEDADEDED/OPDEPODDS 


CHAP. IV. 
Of the dire Method of Fluxions: 


N the Year 1687, Sir Iſaac Newton publiſh'd that incomparable 
1 Treatiſe of his, entitl'd Principia Philgſcphis Naturalis Mathematica; 


which is great part owing to this Calculus, as is juſtly obſervd by the 


Marquis de Þ Hoſpital, in theſe Words in his Preface to his Treatiſe 
entitl'd L' Anahſe des Þrfiniment Petits, &c. wherein he, as well as ſome 
other Geometricians of Europe, particularly of Germany and France, 


having been perſuaded that Mr. Leibnitz was the firſt Inventor of this 


Calcuhs, yet as if he ſomewhat ſuſpected it, he openly breaks out into 
theſe words, II eft vray, &c. It is true the Learned Mr. Newton has 
found out ſomewhat of the like nature, as appears by his excellent Book en- 
_ ritÞFd Principia, c. which is almoſt all of this Calculus. It was in this 
Treatiſe, I fay, that Sir Naac firſt imparted to the Publick the Algorithm 
of this his Calculus, pag. 256. And there he ſhews almoſt innumerable 
Applications of it both to Geometry and Nature, and had long before 
communicated ſeveral Specimens of it to ſeveral Mathematicians of Eu- 
rope, with whom he kept a Correſpondence : But in this Demonſtra- 
tion he made uſe of another way of Notation than what he fince 


ſhews. 


cients in the general Series, after the laſt of "4 


(15) 
ſhews. And he afterwards communicated the ſame to Dr. Valli in his 
Method now in uſe, as is evident in pag. 292 of his ſecond Volume, 
and which he has inſerted into, or rather there tranſcrib'd out of, his 
Treatiſe of Quadratures, in theſe words, viz. Having any given Aqua- 
tion involving never ſo many flowing Quantities, to find their Fluxions. 


SOLUTION. 


Multi Term of the Æquation by the Index. of every flowing > 
tity pa Frag or in each Multiplication change one of the Sides of each 
Power = its Fluxion and - Aagregate or Sum of all the ung collected 
wider their proper Signs, will exhibit a new Aquation expreſing (or ſbem- 
ing the relation of) the Fluxions. 


EXPLICATION. 


Let a, b, c, d, Ec. be determinate (or unalterable. Quantities) and let 
there be propos'd an Aquation involving any Number of flowing Quantities, 
„X, Ce. as ſuppoſe x3 — x + aaz —b3 = © : in the firft place 

ply the Terms involving x by the reſpective Indices of all its Powers, and 
Multiplication for. one Side of the Power, or for one ſingle x in each 


write x, and the Sum of the Produ#s will be 3xx* — xyy. Do the ſame 
for y, and youll have 2xyy. Laftly do the ſame for 2, and you'll have 
aaz. Make the Sum of the Products equal to nothing, and you'll have the. 


Fquation 3xx* —xyy — 2xyy + aaz o. T ſay the Relation of the 
Fluxions will be defin'd by this Equation, * F 


DEMONSTRATION. 


For ſuppoſe o to be a Quantity ſufficiently ſmall, and let oz, oy, ox, 
be the Moments of Zz, y, x, that is, the equal momentary Iicrements of the 
Quantities 2, y, x. And now if the flowing Quantities are 2, Y, x, they 
will [ viz. by an uniform continual Motion] when augmented by their 


ſmall Increments 0%; oy, ox, after a Moment of Time, become z + O2, 
y +oy, x + ox, which being vrit in the firſt Aquation for z, y, x, 
produce this Ægquation x3 + 3xx0x + 3x00xx + 0383 + xyy — Oxyy- 


— 2X0Yy — 2X00yy — XOOYy — XO3yy K aax + aaoz — bi= o. ws 
tract 


2, 
in e 


3XK* + 3170 ＋ $300 == — 
Nov dieß the Quantity © 0 fn il 


be, 
Bubtralf the forme W divided by o will be 


— x0yy + aax = 0. 
negleFing the evaneſcent 


Terms, ene = o. &. Z. D. 
A more full Explication. 


Ali the ſame way if the Miquation was x3 — n o+ 0a V- =0, 
RR hom -—ap —— 2 + a2Va—=y = 0. Where if 
vill be = 23 | and (y the Prpyſin) as — a2 = * o == =, 


that i: ä SV. Ad thence zr == xy — 2 + — 


= o. Z the Operation you proces tt cond and third TA 
was x3 - 


xions, md ſo on. After the ſame manner, if 
+ -h em 0, —— yin rug dg, 
I Tho ary And (by this 


Propuſtion) a; — 299 will be = 224 or 2 =5, 1 


2/az=- yy 
Sve and thexe 130% - 29 + SZ =o. And by the 
= 2 


Fl Let the Equation be xy — - Cao, and the foft Operation will pro: 


5 


boy, 
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The Sm, 3) | + 6299 | + r +329 


— IE. 
zy3 |+ 623? + 62y*y + 329? — 4%23 — 2222? 
Fluxions 300 + 1227 + 1225 + 6z.yy — 1 2222? —C4ziz 
+ 6zy* | + 629? 325 


Third 


The Sum 25A 5 + %% + 182 yy + 32) 4 18% + 6293 
— 4K — 36222) — 241 S. 

But when eed from firſt to ſecond, third, and ſubſequent Fluxions, 
it will be peri one conſider ſome = Duantity as — uniformly, 


to ſuhſlitute Unity in the room of its firſt Fluxton, and o for the ſecond 
wy following ones. Suppoſe you have the ſame AEquation as above, « 


233 — z + at = 0, 

and z flows uniformly, and for its firſt Fluxion put Unity, and youll have 
by the feſt Operation y + 3239? — 4 = o by the ſecond 3 + 3299p 
+ 623% — 1222 =0z by the thind 97% + 189 + 32) + 182 
h — 24% = ©: 


But in theſe ſorts of Aquations, you muſt make (or conceive) the Hu- 
xio0ns to be Je; of them in each of the Terms of the ſame —_ that 


i, all foſt Fluxions, as Y, 25 Ce. or all ſecond Fluxions, as n Y, N, x, 


ee. or all third Fluxions, as 5, JJ, y%, , yz, I., 2, &c, And 
where the Aquation is not ſo, the Order of the Flurions is to be filbd 

by the ſuppos'd Fluxions (as if they were actualh ſet down) of a Quantity 
flowing uniformly. Thus the laft Æquation, by filling up the deficient Fu- 


xions, becomes 


5 25 4 1825 +323) 4 183074 62 = 24243 =0. 
F And 
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And by the fame Methods as we have made uſe of above for radical 
Quantities, the Fluxions of Fractions may be found; viz. If it was pro. 


posd to find the Fluxion of this Fraftion © or of this 5 c. 


by putting 1*, =, you'll have for the Fluxion 2 , and for 
the other 2 = , and ſo for others. 

Now for the Fluxions of Logarithmical Quantities, the Fluxion of 
I: x (where note I ſtands for the Logarithm of x) will be , and the 


Fluxion of K TI will be - &c. But we ſhall have a fuller and 


occaſion to treat of theſe in the ſeventh Chapter ; where- 
fon me ſay no more of them here. The Fluxion alſo of R> 


will be = aRR>*-t , where if A be a Fraction, the Index will be ne- 
gative; i. e. as we have before taken notice, it will change the Quan- 
tity to which it is prefix'd into a Diviſor. Thus v. g. To find the Flu- 


xion of T | = QR>; youTl have RN - + RR, 
that is QR + aQR| W- which is eafily found in explicit or com- 
mon Terms; where if a be lef& than Unity, R*-: will of courſe be. 
come a Diviſor, e. g. Suppoſe it be e T its Fluxion will be 


fie! x 2507 Fo * * and fo for the reſt, 


By the direct method, from the given analytic E n of Areas of 
Curves, or from the Content of a curvilinear Solid, generated by the 
Rotation of a Plane about its on Axis, c. you may obtain the Ordi- 
nates of the Curves, as alſo their effential Properties, the Tangents of 
Curves, and ſeveral other things too long to infiſt on here. 


_ — 
_ — — e 


| ®* Some Examples bertef may be feen in the Seguol of this Treatiſe. 


r 
* 


CAP. 
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CHAP. V. 
of Mr. Leibnitz Method, St. 


H. in the firſt Chapter of this Treatiſe made mention of Mr. 
Leibnitz, as the Inventor and Publiſher of a Method of the ſame 
nature with that of Sir Iſaac Nemton (tho? 19 or 20 Years after Sir Iſaac 
had found it out, and 8 after he had communicated this his Invention 
to him) it may nor be amiſs to inſert here the firſt Rudiments (as 
he has laid them down) of what he calls his Method, Printed in the 
Ada Eruditorum in October 1684. ; partly that the Reader may _— 
them both together (fince the Ada, Cc. are too dear for common Pur- 
chaſers) partly becauſe they contain ſome variety of Specimens of the 
different Applications of this Method in a little compaſs, partly that 
he may ſee in how leſs apt and more laborious a Method of No- 
tation, and far-fetch'd ſymbolizing infignificant Novelties, (perhaps on 
purpoſe to diftinguifh it from the plain and eaſy one it was commu- 
nicated to him in) he has publiſh'd it to the World, and laſtly thar 
the Reader (that has been unus d to theſe Methods) may become in- 
differently converſant with both of them. His Diſcourſe carries this- 
Title before it, viz. 4 New Methed for finding the Maxima and Minima, 
and Tangents to Curves, which does not flop at Fractions or Irrational 
Quantities, and a particular ſort of Calculus for that end. By G. G. L. 

« Suppoſe the Ax of a Curve to be Ax, and that there are ſeveral 
* other Curves, as VV, WW, IV, ZZ, whereof the Ordinates drawn 
at Right Angles to the Ax are Vx, Wa, Yx, Zx, which call reſpe- 
« Qively v, v, y, 2; and let the Abſciſſe ax be made = x, and the 
« Tangents be vB, WC, D, ZE, meeting the Ax reſpectively in the 
« Points B, C, D, E; and let a certain Line, aſſum d at pleaſure, be 
« call'd dx, and let a Right Line, which ſhall be to dx as v (or , or 
« y, or z) is to vB (or WC, or yD, or ZE) be call'd dv (or dy, or 


2 
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ch, or dz) or the Difference of the vs (or of the »'s, or of the) 
« or z's) theſe things being ſuppos'd, the Rules of the Calculls will 
4 be as follow: 

* Suppoſe à to be a conſtant given quantity, da will be = o; 
« and rj. = adx, if y is = v (or any Ordinate of the Curve y equal 
to any other correſpondent Ordinate of the Curve vv (dy will be 
„ = dv.) Now for Addition and Subſtraction, if z = y + vv +x =v, 


* you'll have dx — y bx, or dv = dz dy + dor + ds. For 
* Multiplication, d: xv is = xdv-þ vdx, or ſuppofing y = xv, you'll 
have T = xdv A dx: for you may at pleaſure either make uſe of 
the Formula xv, or ſubſtiture any Letter in the room of it, as y. 
The Reader is here to take notice, that we manage x and dx after 
the ſatne method as we do y and dy, or any other Letter we ſub- 
* ſtitute for an indeterminate Quantity, with its reſpective Differen- 
<« tial; and you are to obſerve beſides, that you cannot always 
« po from a | fluxionary or] differential Æquation to an integral one, 
« without having occaſion tor ſome caution, as we ſhall ſhew here- 
“after. Moreover for Divifion, d (or making z = —) the dx is 


« — =»< "x, But you are to take particular care of the Signs, when 


» <p 
« jn the Calculus for any Letter you fet down only fimply its Differen- 
« tial, the ſame Signs are preſerv'd, and for + z you write + dz, 
« fox — z you write —dz, as is apparent from the Addition and 
<« SubſtraQtion above: But when you proceed to the Exegeſis of the Va- 
lues, or when you come to confider the relation of x to x, then it 
« will appear whether the Value of dz be an affimarive Quantity, or 
te one leſs than m_— or — N which latter when it happens, 
„ then the Tangent zE is drawn from the Point z, not towards A, 
but on the contrary fide, or below x, that is, then when the Ordinates 
« - decreaſe, the 's increaſing; and becauſe the Ordinates v ſometimes 
« increaſe and ſometimes decreaſe, dv will be one while an affirmative 
« and another a negative Quantity, and in the former caſe the Tan- 
gent 1V1B is drawn towards A, in the latter 2V2B is drawn on the 
« contrary fide, or the contrary way; but neither the one nor the other 
« is done in the middle about M in which moment the v's neither in- 
« creaſe nor decreaſe; but remain in the ſame ſtate, and conſequently dv 
« =o; where it matters not whether the Quantity be affirmative or ne- 
« pative; For + 0 = — ©; and in that place v, viz. the Ordinate IM 
« is the greateſt (or the leaſt if the Convexity of the Curve tends to- 
„ wards the Ax) and the Tangent 3 in M is neither — 
l 5 « above 
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© above X towards A, and there approaches the Ax, nor yet below X 


towards the contrary part, but is parallel to the Ax. If dv be in- 
< finite in reſpect of dx, then the — age falls at right Angles to the 


Ax, or is an Ordinate. If du and dx are equal, the Tangent makes 
an Angle of 45%. with the Ax. If the Ordinates v increafing, their 
© Increments or Differences dv alſo increaſe (or if dv being made 
* affirmative, alſo ddv, or the ſecond Differences, are affirmative 
* too, or the one being negative the others are ſo too) the Curve 
© turns its concave fide to the Ax, otherwiſe its convex one: but 
« where the greateſt or leaſt Increment chances to fall, or where the 
* Increments from decreafing ones become increaſing, or the contrary 
« there is the Point of the Contrary Flexure, and the Concavity and 
« Convexity are chang'd, ſuppoling the Ordinates there from increafing 
* ones not to become decreafing, or the contrary, for then the Concavity 
* or Convexity would remain; but it is impoſſible that the Increments 
“ ſhould continue to increaſe or decreaſe, and the Ordinates not from 
« increaſing ones become decreaſing, or contrarywiſe : Therefore the 
* Point of contrary Flexure obtains, when neither v nor dv being o, yet 
« Adv is o. Whence alſo the Problem of contrary Flexure has not two 
<« equal Roots, as the Problem of the Maxima has, but three, and all this 
« depends upon the right uſe of the Signs. Sometimes we are to make 
* uſe of ambiguous Signs, as lately in Diviſion, that is, before it ap- 
« pears how they are to be explain'd, and if the x's increafing, the 
« 2% increaſe (or decreaſe) the ambiguous Signs in the d or in 


« 2*9/=3d» muſt be ſo explain'd that this Fraction may be an affirma- 


E 

< tive (or negative) quantity, but T fignifies the contrary of +, as 
if this be that muſt be om, or the contrary. There may moreover 
* occur ſeveral Ambiguities in the ſame Calculus, which: I diſtinguiſh 
< by Parentheſes, for example, if there was = Tr, you'd 
* have =D Y = = dw, otherwiſe the 


« Ambiguities arifing. from different Heads would be confounded : 


Where note, an ambiguous Sign multiply'd by itſelf gives +, and 
by its contrary —; and multiply'd by another ambiguous Sign it 
4 , 5 a new Ambiguity depending on the other two. 

The Differential of the Power x* is =ax*”' dx, for example, 45 g= 
Land == if w = 27 you will have dy =— 2 z and for 


= 
b bl 
* Roots the 4 y 3s = ds V (hence d yy = fie, for in this 
71 
| © caſe 
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'® caſe à is (1) and b (2) therefore 6 Vx*-b is 2 vj", now y- 


js the fame as . from the nature of the Exponents of a Geome- 
* 1 | Edx 


2 x No 
ce nien! Progreſſion, and the N. is fT ) 4 72 = = ; M 


y : 
e But the Rule for an Integer Power might have ſufficed both for 
* Fractions and Roots, for a Power is a fractional one when its 
“ Index is negative, and is changed into a Root when its Expo- 
& nent is a FraQtion, but I had rather deduce theſe Conſequences my 
“ ſelf, than leave them to be deduc'd by others, ſince they are general 
“ and occur frequently; and in a matter difficult enough of itſelf, it 
« is not amiſs to conſult the Readers Eaſe. Now from this being 
© known as the Algorithm, as I may fay, of this Calculus, which 
« J call differential, all other differential Equation may be found by 
« the common Calculus, and the Maxima and Minima and Tangents found 
« without any occaſion of exterminating Fractions, or Surds, or any 
« Vincula, which yet was neceſſary according to the Methods * hither- 
« to publiſh'd, The Demonſtration of them all will be eafy to a 
« Perſon converſant in theſe Methods, particularly to one that conſi- 
& ders what has not hitherto been enough thought of, viz. that the 
& dx's, dy, dv, dw, dz's, may be conſider d as proportional (each in its 
« Series or Place) to the Differences, or momentaneous Increments or 
& Decrements of (their reſpective Indeterminates) x, y, v, w, x, whence 
© having any Xquation propos d, its differential Fquation may be had, 
« by ſubſtituting ſimply its reſpective Differential for each Member (that 
« is, for each part of it that. concurs to the making up the whole 
« Hquation only by Addition or Subſtraction) and by uſing for any 
« other Quantity (which it ſelf is not a Member, but {concurs to the 
% making up a Member) its Differential, to form the Differential of 
« the + Fur tr and that not ſimply, but according to the Algorithm 
« already preſcrib'd ; the Methods already in uſe have not the ſame. 
« Exit, for they generally make uſe of a right Line as DX, or ſome 
<« other of the like nature, but not ſuch an one as dy, which is a fourth 
“ Proportional to Dx, dy, and dz, which confounds the whole Proceſs. 
« Hence they order, that you ſhould firſt exterminate the Fractions and 
irrational Quantities, which are involv'd with the indeterminate ones. 


— — 


Here be if be. bad been conſcious that there was ſome unpubliſh'd Method whereby 
2 21 which was that Sir Iſaac Newton bad given him notice of. But 
U 
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Fut it is evident that our Method extends itſelf alſo to Tran/cendent 
Lines, which cannot be expreſ#d by any (purely) Algebraic Calculus, 
L or which are of no certain Degree or Dimenſion, and that univerfally, 
without any particular Suppofitions which do not generally ſuc- 
4 ceed, only remembring this in general, That to find a Tangent is to 
draw a right Line that * or touch two Points of a Curve, that 
« are at an infinitely ſmall Diſtance from each other, or that make 


de the Side, when produc'd, of an infinit- angular 4 which we 


* confider as equivalent to a Curve; but that yo all Difference 
* may always be expreſs'd by ſome differential 

* ſome Quantity related to it, that is, by ſome known Tangent; eſpe- 
5 cially if y was a tranſcendent Quantity, as for example the Ordinate 
* of a Cycloid, and that was to enter the Calculus, by the help where- 
of the Ordinate z of another Curve was determin'd, and you 
4 were to find dz, or by it the Tangent of this latter Curve, as if you 
* were to determine dz by dy, and you had dy becauſe you had the 
& Tangent of the Cycloid ; but if you had not yet the Tangent of the 
* Cycloid, it might in like manner be found by Calculation from the 
given Property of the Tangents of a Circle. But I ſhall here bring 
* an Example of the Calculus, wherein let it be minded that I denote 


* Divifion thus, x : y which fignifies the ſame thing as x divided by , 
& or 75 3 Suppoſe the firſt or given Equation to be * : Ia + bx ZE 


4 ſqu. SEN +y+y: Vb T ET mxx= o. Expreſ- 
- ing the relation between x and y, or between Ax and 25 ſuppoſing 
* 4, B, c, d, e, f, g, b, I, n, to be given Quantities, to find the me- 
& thod of drawing YD from the given Point y ſo as to rouch the Curve, 

or to find the reaſon of the right Line DX to the given right Line XY, 
& for brevity ſake write » for a + bx, and p for c — xx, and q for ex 

< + fxx, and v for gg + „ and s for hh Is + xx; you'll have : y 
* +p: g ax Vr Ay: Veo; which ſuppoſe to he the ſecond qua- 
4 tion. Now by our Calculus the d, x: y is d- ydx : yy, and in like man- 

< the d, mp: 99 is (+) 2»pdg (5-)4dnp + du: q. & daxvr is— axdr: 2 2 
A adxvr; and dyy.: Vas is ((H) yds ((F))— 495d : 25 vs, all 
„Which differ-ucial Quantities from d, x: y to d, y: vs, added up in- 

to one Sum make o, and will thus give a third Aquation, for 
* ſo you ſubſtitute their differential Quantities for the Members of the 
« ſecond Xquation, Now dr is bdx and dp is — 2xdx, and dq is edx 

< + 2fxdx, and dr is 2ydy, and ds is Idx + 2mxdx; which Values be- 
-< ing ſubſtituted in the third. Æquation, you have à fourth — 
| wherein 


ote, as dv, or by 


— ks 6 ‚ ⏑ — > 2 


* oaks. — 9 Thy 3 
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« wherein the Differential Quantities which alone remain, viz. dx, dy, 
« are always found without Denominators or Vincula, and each Mem- 
« her is either affected by dx or dy, the Law of Homogeneals being 
« always obſerv'd as to theſe two Quantities, how complicated ſo- 
« eyer the Calculus be; whence you may always have the Value of 
« Ax: dy, or of the reaſon of dx to dy, that is of DX ſought, to XY 
given, Which reaſon in this our Calculus, (by changing the fourth 
" Equation into an Analogy) will be as + x: y + : vr ((H) 2): 
« Vs is to + 1 :y (3) 2npe o+ 2fx 9 (+) —2nx+b : gg + avr ((A)) 
« yl + 2mx : 25/s, But x and y are given from the given Point y, 
« and the aforemention'd Values of the Letters u, p, g, r, s are had by 
« xand y; and this —_ which is complicated enough, we have 
ce only made uſe of here, that we might ſhew the Method of the above 
« qdeliverd Rules in more implicit caſes than this; now well take 
an opportunity of ſhewing it in caſes more obvious to the Un- 


« derſtanding. Let there be go the two Points C and E, and the 


« Right-Line SS in the ſame Plane with them, to find the Point F in 
« the Right-Line SS that is ſo to be taken in it, that having drawn 
« CF and FE, the Aggregate of the Rectangle CF into the given ub, 
“ and of FE into the given r ſhall be the leaſt of all poſſible, that is, 
« if the Line SS ſeparate the Mediums, and b repreſents the Denfity 
« of the Medium as of Water on the part of C, and r the Denfity of 
« the Medium as of Air on the part of E, to find the Point E, fo that 
« the way from C to E thro? F ſhall be the eaſieſt (or ſhorteſt) of 
<« all ways poſſible, let us ſuppoſe all thoſe poſſible Aggregates of the 
« ReQtangles, or all the Difficulties of all poſſible Ways to be repre- 
« ſented by the Ordinates KV, of the Curves VV, ndicular to 
« the Right-Line GK, which we will call «, and that NM the leaſt 
« of them is ſought ; becauſe the Points C and E are given, there will 
te alſo be given the Perpendiculars to SS, viz. Cp (which we will call 
« c) and Fo (which we will call e) and moreover PQ (which we will 
& call p) and QF which is equal to GN (or AX) we will call x, 


and CF, f, & EF, g; you'll have FP, 5 — c p ar xx, 
© or by a Compendium /, and g = Vee ＋ xx, or by a Compendi- 
« um vm, we have therefore „ =b yl + r Vm, the Differential of 
« which Fquation, making do = © (in caſe of the Minima) is 
« 0 = — bdl: vI—rdm:2vx by the Rules of our Calculus ; now 


« dl — 2dx —p + x, and dm is 2xdx, therefore bp — x: f is = rx :g; 

« Now if this be accommodazed to Dioptricks, and you make F, or g, 

* or CF and EF equal, becauſe there Remains the fame Refrattion tn 
"OY 


r 
* y - 


n 


( * \ 
< the Point F, how great ſoever you make the Length of the Right- 
Line CF, hp—x will be = rx, or bir: :* -x, or h tor as QF 


to FP; that is, the Sines of the Angles of Incidence and Refraction 
« FP and QF will be reciprocally as r and h the Denſities of the Me- 


„dia whereon the Incidence and whetein the Refraction is made. 
Which Denſity is yet not to be eſtimated in reſpect to us, but in 
<« reſpe& to the Reſiſtance the Rays of Light meer with. And thus 
<-you have a Demonſtration of the Calculus we have elſewhere ſhewn 
* in theſe Ada, where we laid down a general Foundation of Optics, 
<* Catoptrics, and Dioptrics z while ſeveral other very learned Men 
<« have ſought by ſeveral Ambages or round-about ways, what an 
< one $kill'd in this Calculus may do in three Lines; which Þll ſhew 
* by another Example. Let the Curve 133 be of ſuch a nature, that 
< rhe fix Right-Lines 34, 35, 36, 37, 38, 39, drawn to the fix fix d 
Points in the Ax, 4, J, 6, 7, 8, 9, from any Point of it, as 3, being 
added together, ſhall be equal to a given Line g. Let the Ax be 
< T14526789, and 12 the Abſeiſſe, 23 an Ordinate, To find the Tan- 
gent 3T ; | fay T2 will be to 23 as 3++3+ +34 +43 +54 +22. 
* is to — -T 45 +33 +55 + 33- And the Rule will be 
<* the ſame, only continuing the Terms on, if not [only] fix, but ten 
* or more fd Points were ſuppos d, which to manage by any of the 
common Methods or Ways of Calculation, by exterminating the 
irrational Quantities, according to the vulgarly known Methods of 
„ Tangents, would be very tedious and ſometimes ſufficiently labo- 
< rious, as if all the Rectangles or Solids compogd of thoſe Right. 
Lines, by their poſſible Binaries or Ternaries were to be made equal 
to a given Quantity; in all which caſes, and ſome a great deal harder 
than thoſe, there is the ſame Facility or Eaſe to thoſe that work 
« according to our Calculus, even beyond Expectation. Thus we have 
laid the Foundations of a more ſublime Geometry ¶ than uſuat] that 
« will reach to the moſt difficult and illuſtrious Problems even of the 
« Mixt Mathematics themſelves, which without our Differential Calculus, 
* or ſome other like it, none could ſo eafily arrive to. By way of Ap- 
+ pendix we ſhall here add the Solution of a Problem, which Monſ. 
Des Cartes had heretofore propos d to him by Monſ. De Beaune, and 
4 endeavour d at it, as may be ſeen in his third Tome of Epiſtles, but 
did not ſolve, viz. To find a Line WW of ſuch a nature, that 
the Tangent W 


« equal to the conſtant (or determinate) Line a, Now XW or wp 
« is to XC or a, as dw to dx: therefore if dx (which may be taken 
Sat pleaſure): be aſſum d conſtant, or always the fame, viz, I; or 


if 


C being drawn to the Ax XC ſhou'd always be 


ARE Hate; 


* 0 W171 £9 * 
25 ts: 2 ali. — 
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« if the x's or AX's increaſe unifarmly, W will be = 74 W, which 


« will be the very Ord inates W proportional to the dw's or their In- 
„ crements or Differences; that is, if the x's are in an Arithmetical 
“ Progreſſion, the w's will be in a Geometrical one; or if the w's 
“ are Numbers, the s will be Logarithms : Wherefore the Line. WW 
« is the Logarithmic Line. | 


JT 


— — 


5 
CHAP. VL 


a 


Of the Method of finding Fluents, &c. and 
particularly of the Fluents of Rational 
Fluxions. 


815 ISAAC NEWTON, in the laſt Page of his Treatiſe of 
Duadratures, gives us this Rule in general, for the finding not 
> only the Fluents of Rational Fluxions, but univerſally of any what- 
4 1 ſim d at ple d the Af Bed by 
1 A Fluent may be aſſum'd at pleaſure, and the Aſſumption corrected by 
FI: putting the Fluxion of the et Fluent equal to the Flaxion propos d, 
} and comparing the Homologous Terms together, Whether or not he found 
out thoſe excellent Theorems in the preceding Pages by this Method, 
(as I am apt to believe he did) he does not there inform us; bur 
he plainly enough hints that they may be found out this way; and 
and brings this Rule as a Proof of the Truth of the Concluſion, ſo 
inferr'd, in the precedent Page. After yon have found the Fluents of the 


given Fluxions, if you doubt Z the truth of your Concluſion, you may collect 
the Fluxions of the Fluents found, and compare them with the Fluxions at 


ans Tee MD ed TE en tne Eat. Ty. Oe. 
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they come out equal, the Concluſion it right : if not, 
Fluents ſo as to make their Fluxions come out equal 
| originally propo?d. And becauſe any Fluent (as he there 
which is colle&ed or found from a firft Fluxion may be augmented 
din d by any conſtant Quantity, or ſuch as does not flow (which 
bringing out the Fluxion by the direct Method may have vaniſh'd) 
alſo any that is collectad from a ſecond Fluxion, may be angmented or 
diminify'd by a Quantity that has no third Fluxiox, and ſo on ad infinitum. 
Not if any one has a Mind to reſtore that Quantity, Mr. Craig and 
Dr. Cheme have ſhewn a Method of owes bo the Firſt in pag. 38 of 
his Quadratures, Printed in 1694, and the Other in pag. 65 of his 
Inverſe Method, and the gth of his Rudrments, viz. That Quantity may be 
by making the Abſciſſe, or the-Fluent itſelf as found (by the Methods 

to be ſhewn) = o, and you'll have the Sign, and again by put- 

ting the indeterminate Quantity by which that Fluent is expreſsd = o, 
you will have the Quantity itſelf, that is to be added to the Fluent befere 
found, under a contrary 895 as the Signs direct. You ſee the reaſon of 
his pag. 9 of Dr. Cheyne's Rudiments, and an Example in pag. 65 of his 
Inverſe Method. 
The Aſſumptions, or Fluents to be aſſum'd, for any ſort of Fluxions 
whatſoever, will eaſily enough appear from the confideration of the 
Nature of the Fluxion, as Dr. Cheyne has hinted ; and in ſimple Flu- 
xions, or ſuch as are not involv'd under a Vinculum, the Fluent is found 
(to uſe the Doctor's Expreſſion) by Operations juſt retrograde or contrary 
to thoſe whereby the Fluxions were brought out from their Fluents. Thus, 


e.g. the F: mx! x is . = 2% + an, Nc. And the Fluent 
mm I—1x 


of ny x==1 x + pn i =, c. that is, for 
n, aſſume Az", and having found its Fluxion, put it equal to 
the Fluxion given, viz. to mAx*-! x = mx"='x, Whence comparing 
the Terms you'll have A = © l. and the Fluent will be & + a= 
Ec. After the ſame way for the other, you muſt aſſume Ax" Kc. 
Thus if there were given m — f * A 24 ni, you might 
aſſume for its immediate Fluent Axzx*-: whence by the direct Method 
you would have m— 1 As? - 2 + Ar-, and you would find 


2 — 1 


— 


3 


— 


— — 
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m — 1A ＋ 1A = N 1 * ＋ In & A = Fr =n, and 


Axx r = n , and fo on ad infinitum. And it is always requiſite 
that the Fluents ſhould (if poſſible) be expreſs'd in the ſame indeter- 
minate Quantities as the Fluxions are. 

In Fluxions involv'd under Vincula, the Aſſumptions muſt be either 
general or particular, as the Iudices direct; and as in common Alge- 
braic Equations you may aſſume a general or infinite Xquation, and 
(leaving out the Signs of the particular Members, to be ſupply'd by + 
or —, as occaſion ſhall require) ſolve that generally, either abſolute- 
ly, or by an infinite Series, in order thence to derive a Canon, by which 
any particular Æquation whatever may be afterwards ſolv'd ; ſo you 
may here aſſume a general Fluent, for a general Fluxion, which ſhall 
exhibit the particular Fluents of all particular Fluxions, that can be 
contain'd under that Form (æquating the Quantities to be reſpectively 
æquated to one another) by a due application or compariſon of the 

articular Members of that particular Fluxion, with thoſe of the ſame 
Dimenſion in the general one, which will often fave a great deal of 
Labour and Time in ſearching for particular Fluents by particular Me- 
thods. Thus Sir Iſaac Newton, in his Excellent Treatiſe of Fluxions, 
makes firſt ſuch general Forms for the Fluents of general Ratio- 
nal Fluxions, and then ſolves particular Fluxions by them, wherein 
Dr. Cheyne alſo follows him; and how much eaſier and more ready this 
way frequently is, than that of finding particular Fluents, any one 
converſant in rheſe Methods may eafily judge : For ſuch a primary 
and general Aſſumption is always regular, and therefore the moſt fa- 
cil, and if it yields more Degrees of Infinity than one, the following 
Series or Aſſumptions will naturally emerge from the Fluxion of the 
firſt ; and (as we have ſaid) — this general Fluent any particular one 
may be determin'd, as we ſhall ſhew hereafter. 

Bur to return to Sir Iſaac Newton, and the Quadratures of Curves. 
It muſt be noted that there is often a very great difference between 
the Algebraic and genuine Fluent of a general Fluxion, and the Qua- 
drature of a Curve, becauſe the latter may be (and often is) more 
limited aud reſtrained than the former, as will eafily be perceiv'd. 
Sir Iſaac in the aforeſaid Treatiſe (as Dr. Wallis expreſſes it) in Curves 
that have parallel Ordinates, makes the Fluxion of the Abſciſſe to be uni- 
form, and ſubſtitutes Unity for it, and puts the Ordinate for the Fluxion 
f the Area; that is, putting * or = for the Abſciſſe, and having 
given a proper Expreſſiion of the 1 e. g. = v, he finds (by the _ 


(30) 
ethod) its Fluxion = v. and then making x or z = 1, you 
— Grin of the Curve; and this is the deſign and ſcope of 
the third and fourth Propoſitions of the aforeſaid Treati/e of Dnadr.r- 
tures, after he has before „in the ſecond Propoſition, a Method 
of finding ſuch Curves, as, having their Ordinates parallel, may be 
Squared. | 
Suppoſe e. g. in Sir Iſaac's third Propoſition R to be = e + fe + 
gz” &c. and let e v= to the Area of a given Curve; that is 


e fo + go Nc. = v. Take the Fluxions on both ſides, and 
ve g- N + az? RR v; that is, making (after Sj 
wt + Ribas wed? RN - = N in the firſt — * 
2 1 in the ſecond, you will have &R + N= RI XZ -R 


; which in explicit Terms, putting = = 1, gives ge + N T 3" 


fo TTT z bay &c. z R-: to the 
Ordinate. . E. O. 

Thus in the ſecond Caſe, (or the fourth Propofition) ſuppoſe more- 
ever SAITEK + mz? &c. ler 2? R S* be = v. And taking the 
Fluxions, and ordering the Equation as above, you will have 


ERS + azRS-+ RSI iN Nu, which being orderd 
and expref$'d in W Terms, making every where z = 1, gives the 


Ordinate ſought. fame Method muſt be raken in further Proceſs's 

of rhis kind, as if 

SN were v = 

that is, daving 

(after this way) 

(and then making t 

thing as 3 

dimate 

Flaxion of then to 

# ſquare the Curve. having ſuch a Fluxion given, 

fume (according to Sir Jaac Newtor's Rule) a Fluent, of ſuch a na- 

ture as its Fluxion may compare with the Fluxion given; but here you are 

2 that the — — —.— are _ between ” 
are homologous, that is, of the ſame Algebraic Dimenfion , I fay, 

you maſt aſſume ſuch a Fluent affected with indererminate Coeth: 


; 


whoſ Fluxion, being found, may compare with ä 
| t 


— = N 6 _ JAY 7A. 
; 3 % uo res "os 
7222. Ä 
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theFluxion given, that thereby the aſſum'd Coefficients may be de- 
termined, which determined Coeſſicients, being ſubſtituted in the room 
of the indererminare ones in the aſſum'd quation, will give the Fluent 
fought. Of the ſame tendency are the 5 and 6 Propofitions. For exam. 


ple, ſuppoſe in Prop. 5. the Ord, = z#-: xN-iNKA + be + ca» c. 
(making as berore R = e + fz* ＋ gz” &c.) or which is the fame 


thing, let it be expreſs d thus, R x . o+ bay eri c. 


Then will Ra=! x - TN M- + cxx#22—1 + AI- Nc. = t K 
the Fluxion of the Area, or (as Dr. Cheyne in this caſe alſo calls it) 


to the Fiuxion given. Now make the Series a- + bzz%=: gre, 
=q, then will qR*-* be = to the Fluxion given. Aſſume A“ + 

BB + Cx &c, = Q = to the Rational part of the Fluent ad- 
ſeted with indetermined Coefficients ; which being multiply'd into 
e + [© + gz” gives the Fluent to be aſſumed = to QM. Take (by 
the Direct Method) the Fluxion of this aſſum'd Fluent, viz. GR. 

RN = gR>=+, that is, when reduc'd to a Form proper for Com- 
parifon QR -+ aQR| R>-' = gR*-* which being divided by the itra- 
tional part on both ſides, leaves this Canon, viz. GOR =I; which: 
being brought into explicit Terms, and „ determines the aſ- 
ſum d Coefficienrs ; which ſubftiruted in the room of the indetermined 
ones, will give the Fluent ſought : e. g. in Sir Jaac's fifth Propoſitition 
QR+ aQR| x NR -i e &c. x 3+ Jo re”, 
and dividing both fides by R. = ei Nc, you will have 
QR + R = q = azz”! — bag) ts = 1 Tc &c. that is, in 
explicit Terms, | 


0 -+ wB | 
eU -1 + cars e- ge, = axzh-! * bzzfii=1 Nc. 
A A 


But hence 1. de = a, whence A = . 


2. 0+ % B f f =b ſeu qr Se 
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Whence B= , make now the like Subſtitutions as Sir Iſaac 


does, and place them in their proper places, and you'll eaſily obtain 
the Area ſought expreſs d in Sir Iſaac's erms. ©, . J. N 


Of the ſame nature is the Infuitinomial Caſe, pag. 12. of Dr. Cheyue 
(as being the ſame with this of Sir 1/aac)) viz, making 2 — ENA T 
+ cx Nc. = 4 & e + fz' Nc. = R. Aſſume as above (ma- 


king firſt ) QR 77” ; then wil pQR + R= p + 


phurin=1 Rc. ad infinitum. putting 2 = 1. And the Binomial Fluxion 
of D = RJ (making = + 1) gives us for com- 


pariſon pQR + QR = pdz? ; And you are to proceed after the ſame 
way for Trinomial and Quadrinomial, Ic. Fluxions, ad infinitum (or 
to an Inſinit inomial, the higheſt in this kind poſſible) viz. by making 
all the Coefficients after the laſt of the particular given Nome = 
in the Infinitinomial Theorem; for every inferior Form is reſpectively 
contain d in any ſuperior one of its kind. 


Suppoſe now, as in the fixth Propoſition of Sir Jaac, the given 


Fluxion to be q g or QRS TRS + R * R= ga=r 


or GRS + R + uQRS =q for compariſon ; having, after the 


{ame manner explicated and compar'd the Terms, and ſubſtituted as 
requiſite, you'll have the Fluent fought. After the fame manner, if 


you were to proceed ad infinitum, and made T = p + gy" + rz* 
Tu &c, and the given Fluxion was | 
UA 3 | | JR 


5 
6 


7 
5 
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> I- you mult in like manner aſſame QR T- for the 
| Ks and ſo on ad infnitum. And hence may be ſeen what Sir Iſaac 
heretofore hinted to Dr. * viz, That he could find nothing general 


{ 


in quadratures, till be bad reducd the Buſineſs to the fole Conſideration of 
Ordinates. He has given us a r Demonſtration of theſe Quadra- 
tures by putting the Sum of rhe particular Ordinates (found by his 
— 5 equal to the general —.— — 2 c_ conſider d as made 
them, an equalling correſpondent Terms (i. e. 
by comparing the — — Terms) in order to determine * al- 
ſum'd Coefficients, and having made the proper Subſtitutions, there 
will come out the Area ſought. | NS 
As for Fluxions of inferior Orders, an Infinity of which ate con- 
tain'd under each of theſe general Forms, whether Biuincular or Tri- 
vincular, Ic. ad infinitum ; Or whether Binomial or Trinomial ones un- 
der thoſe again, Oc. ad inf. You muſt aſſume an Æquation, or ratio- 
nal Series adfeQted by indetetminate Coefficients, and multiply'd into 
each of thoſe Names augmented by Unity, and proceed as above for 
the Fluent. Examples hereof may be ſeen in Dr. Cheyne's Book, pag. 9. 
for the Newtonian Binomial, pag. 68. for the Trinomial, Cr. 
where alſo are Rules for the Aſſumption of the Indices. But to return 
to Sir Iſaac, he gives us theſe Rules for the Praxis. 


+ Every Ordinate (fays he, pag. 179.) may be reſolv'd too Vys into a 
es. 5 | 

1. Where the Index , is affirmative. | 

2. Where it is Negative. 

2k — 22 


— — 
XXV bz — [23 + mz 


As ſuppoſe you have the Ordinate this may be writ thus, 


viz. x T= EIER ortbaz-x —14 3k=2 x 
K TENA. 
Which a Learner may thus eaſily apprehend 4 firſt, if be makes 


2h bz 


Lr = y, then will 3k=kz = yer vim EIA ut, & 
— — — — — — — 8 
K 3 
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2h — k- N x 2 VIE + m S VIE + mz3 that 


is "x NE ILT mo =y. which is the firſt, Or 


alſo thus Fr HTN V T 


3.— lx 2&— lzz Ian 


Over MS Eien 20 30k 


Xi EZ + me, Secondly, 1 * 3h-- . k — Ie + mz} — 


* D —ixlz3 —k Fm . Which will appear thus 
bY, > „ NE . 3&=lez 2K —1 


Vr P 
. EEE = e 
| TOO: 
.. 
t 4 N VZ x D on 5 
4* Vz3 EE... Y* 3 —1 _ 


Ir FE 177 LT EET 


54.22 CRE = Fm *. Which is the ſecond. 


And by theſe or the like Ways, the Ordinates will be reduced to a Form 
proper for the Cannon; Aud then (ſays Sir Iſaac) you muſt try each 
Caſe if either of the Series breaks off, or is terminated, P want of Terms 
going on further, you'll have the Area in finite Terms. Suppoſe now the 


aforeſaid Ordinate reduc'd to be ** x3 —@x T- E + PI 
which make equal to the general Ordinate in the Canon, viz. 1 * 
K 34 — lex k— K- F 2x NAT bz + a c. 


X E 
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K + fo + gz" + bay Kc. ; Whence you'll have 


and the Area will bez? R x = * . Whence 


re 


R = kh k! + mu = # + ( o=f ) = + gz» + bz“. 


KY R = x ET mi). 


* e = EH =) (=== 


— Þ 
re S 


And the Area will be 25 Ra x = —_ 


* — Iz? + mz 
And this Area expreſſes the lower part of the Curve. For every Afiv- 
mative Area expreſſes the upper part of the Curve, and the Negative one falls 
on the contrary ſide of the Ordinate, and goes on with the Axis produc'd, ths 
Sign of the Ordinate remaining as before. And thus always one of the Se- 
ries, and ſometimes beth, is terminated, and becomes finite, if the Curve can 


be geometrically ſquared, but if it does nct admit of ſuch a «| Prams, 
each of the Series will continue on ad inf. and one of them will converge, 


and give the Area by Approximation, except, 1. Where — r (by reaſon 
of an infinite Area) is either nothing, or an Integer and negative Num- 
ber: Or 2. When = = 1. i.e. when x e; which are the Conditions 
of Non convergency; the Conditions of converging are | 

1. if — is leſs than Unity; and then chat Series will converge where- 


in the Index » is Affirmative; and in this .Caſe the Area is on the 
upper Part of the Curve. But 


—_ 
— 


- Pag Neut, Edit. Anglic, 179. : Page Cheyn. 66, 
. 20 
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2. But if = be greater than Unity, the other Series will converge ; 
and the Area lies on the lower part of the Curve. | 

There fellow in Sir 4/asc, fome Notes zelating to Ordinates, ſuch as 


theſe. 
' Suppoſe In any Ordinate P= to the Numerator, 
3 Q * far any rational Factor or De. 
nominator, 

Ry = To an irreducible ſurd Factor. 

R = To its Side. 

Sand S as alſo T' and T = to the ſurd 

Factors, and their Roots. 


Hence the Forms of the Ordinates. 


The Firſt proceeding on ad inf. The Second proceeding on ad inf. 
; * a 2 
: P 
a. QM * 8 2. . 
3. M- T. Ec. ad inf. 3. = 


el QR=®, and R does wot divide Q 
you'll have a — 1 2 2. C Rt RN. 


But if R divides Q once you'll have a—1x = @ + 1 R- R- 
twice. . . 22 2 ＋ 2 R- = Rrtz, 
thrice, .. . 4 3 == 20 P- R- 3. 
And ſo on. 
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Caf. 2. If the Ordinate be an Irreducible Rational Fration, with a De. 
nomi nator, compos'd of two or more Terms : Jou muſt reſolve the Denominator 
into all its Prime Diwviſors, & if there be any fingle Diviſor which has 10 
ot her equal to it, the Curve caunot be ſquared : But if there arg two or more 
Diviſors equal, you muſt reject one 7 them ; and if there are other two or 
more equal, aud unequal to the reſt, you muſt alſo reject one of them ;, and 
fo in all other equal ones, if there are more Then the Diviſor which is 
left, or the Product of the Diviſors which are left, if there are more than 
one, muſt be ſet down or put for R, and the Regiprocal of its Square R 
for Rf, except where that Produd is a Square, or Cube, or Bi-quadrate, 
c. in which Caſe you muſt ſet down its Root R, and the Index of its 
Power 2 or 3 or 4 taken Negarively for >, and reduce the Ordinate to the 
Denominator R* or R cr R* or Rꝰ &c. | 

3 xi + 2* — $23 1 

As if the Ordinate be 2 + = — 5 —z + $z—4 = 1 

Becauſe this Fraction is irreducible, and the Diviſors of the Denomi- 
nator are even, viz. z — 1, 2— 1, z—1, Gz 2, x ＋ 2, he rejects one 
of each, and ſets down the Product of the reſt 2 — 1, 2 — 1, z+ 2233 


2 I 
_ 3s + 2 for R, whence you'll have ——7-7 8 
= = SR to be plac'd in room of R, then he reduces the Or- 
dinate to the Denominator R or R vix. | 
| 2 
Qt P. U TAT 92712244 (=?) : 25 924 +822 0 


— 4 | — 
then © TN RRR 2 


2 E 4 


Area. Hl the Terms in the Series 8 except the Firſt. 
Laſtly. If the Ordinate be an Irreducible Fraction, and its Denomina- 


tor be the Product of the Rational Factor Q, and the Irreducible Surd 


Factor R-, you muſt find all the prime Diviſors of its Root R, and re- 
ject ane of each Magnitude, & multiply the Rational Factor Q, by the 


- remaiging Diviſors, if there are _— and if the Product is equal - the 
oot 


„ 


. 
Root R, or to any Power of that Root whoſe Root is an Integer, as 
ſuppoſe n, then will a—1 =— 7 —m, and R OR As if 


- 3 3x2 — 0K — gx? P 
e e eee ene eee or 


— 505 ** — * — 23 QR 

becauſe the Root R, of the Surd Factor R = 93 + e — gx? — x? has 
theſe Diviſors q ＋ x, q+ x, q—x of two different Magnitudes, he re- 
jets one of each Magnitude, and multiplies the Rational Factor q* — x? 
2, by the remaining Diviſor g + x ; and becauſe the Product g3-+ g*x 
— gx* — x3 = R he makes m= 1. And then, ſince x is 4, a — 1 be- 
comes = . He reduces therefore the Ordinate to the Denomina- 
tor R Fand you have 20 x 39x* + 24 + 894*x* + 8q3x3 — 7 
— 6x" X q3 + K — x= 5 


Whence defining the Coefficients by Comparing them with thoſe of 
the General Ordinate you'll have 39* + 290 + 84%, &c. = a + b 
＋c & c. and 9 = q*x — qx* — x3] — + S f” ZT, Nc... 
Whence a = 397. 6 = 295, &c. e = g. f = 94, &c. 

91. =. A-. r =I. . t=. v = o. &c. &c. 


All the Terms in the Series after the third vaniſhing, 


Sir Iſaac adds another Propoſition, which is a further Step in a Series 
of Propoſitions of the ſame Nature aſcending ad Infinitum. Some 
Years after theſe things were communicated to ſeveral of his Friends, 
as it is evident by Dr. Vallis, pag. 391 of the laſt Edition: Dr. David 
Gregory, Profeſſor of Mathematicks in the Univerfity of Edinburgh, 
and afterwards at Oxford, found out another Series of the ſame kind 
with that of Sir Iſaac Newton's for Binomial Curves, but involv'd in 
more Intricate and Complex Terms; which Dr. A. Pitcarn Printed 

three or four Days before they had ſeen Sir Iſaac Newton's, and he ſub- 
Joins four omg 1 which the Reader may pleaſe to conſult at leiſure, 
and he there alſo afferts, that the ſame Method might be applied to 


CHAP. 
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Of the Fluents of Logarithmical and 
Exponential Fluxions, &c. 


HE Invention of Exponential Fluxions, and their Aﬀinity with and 

| Relation to Logarirhmical Curves is claim'd by two Gentlemen, 

viz, Leibnitz (as appears in thoſe Letters publiſh'd by Dr. Vallis 

Vol. 3.) and Mr. John Bernoulli. In the Year 1697, in the Month of 

March (upon an Occaſion offer d by Mr. Nieuwentitiit) Mr. Bernoulli 

ives this Relation of his own Invention, and lays down the following 
rinciples of ir. | 

He fays that this Invention is on this Account to be attributed to 
him, in as much as he had found it out five Years before, without ha- 
ving receiv'd any hint of it from Mr. Leibnitz, as alſo Leibnitx himſelf 
contelles in the Ad. Eruditor. of the Year 1695, pag. 314. 

Mr. Bernouti alſo in his turn, owns that Mr. Leibnitz did likewiſe 
invent ir. I us'd to call (ſays he) a Quantity raisd to an indeterminate 
Power (before ever I knew. any thing of Mr. Leibnitz's having conſider d the 
Matter) by the Name of Percurrent, becauſe it runs thro all poſſible Di- 
men ſions, hence I gave alſo the ſame Name to Æquations conſiſting of ſuch 
2 as alſo to Curves denoted or expreſs'd by tbem; but becauſe the 

ame of Exponential was made uſe of by that excellent Geometer, in ho- 
nour to him, I reſolv'd alſo to make uſe of the ſame, and diſmiſs the for- 
mer, I:ft diverſity of Names might breed ſome Confuſion to the Reader, as to 
the Thing itſelf. TI therefore conceiv'd, an Exponential. Quantity, as a 
Mean, between a common Algebraic and Tranſcen ent one; for it reſembles 
an Algebraic one, as being expreſsd in Finite, tho Indeterminate Terms; 
and a Tranſcendent one, becauſe it cannot be exhibited by any Algebraic Con- 
firudion. The Lagaritbhmical Line (the moſt ſimple of common Tranſcen- 
dent. ones.) is of this Number of Curves, and all other Exponential ones may 
be conſtructed by means of this, and their Tangent: determin'd as ſhall after- 
wards appear, Then (for the Sake and InſtruQion of the aforeſaid Niew- 

| ventiit) 


ls”) 


wentiit ) he there ſhews (what before was ſufficiently known) theſe three 


1 one and the fame Indeterminate Line may in the Logarith- 
mic Carve — of the Ordinates, and at the ſame time the Abſciſſe 


mother Curve. 
* = from this Equation x*= y, you may infer this vlx = 1 
where, by Ix, ly, Iz, Cc. he underſtands the Logarithms of x, 5, z, 


3. How Is may be the Integral (or Fluent) of —. | 
N 


LE: | E B 
Hat 
$51 
| 


ou 


; 
| 
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1. erer 
the Logarithmical Line AB; produce the Ordinate FE till 
khmical Line AB in B, whence having let fall the 


| | Logarithmical ; it is therefore Evident 4 
i DE of any Curve HGF may be Ordinates, not only in the Li 


Awical Curve, but alſo in a — evans = and that ſo as 
1 — — ar A berween DE and EF, howſeever DE 
| whether y or unequally, fo that notwithſtanding 
of = Logarithmical Carve Cc eq aal, 8 the 


of a — or Cube, or iquadratick Ne 


uadruple of the Logarithm of the Root, 
Kr Cc. it remains w prove, 


ba if AD = 1 = to the Se a 


it will be equal to the Abſciſſe DE; bur Bb is an Or- J 


[3 ( 


= 
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i RC = to the Number, then will, as is evident, DC he its Logarichm, 


hut by the Nature of the Logarithmical Line, the Subtangent in 
te By _— BCxCc, and conſequently 50 — C6 hence if BC is *, }, , Nc. 


« and DC lx, ly, Iz, &c. then will = * 5 &c. = 8: Ix, h, k, &c. 


« Therefore alſo the F : —» 25 + = lx, h, Iz, &c. whence &c. and 


« the Demonſtration is general, and limited by no Condition, nor in 
any Reſpect. For we have demonſtrated that in what Reaſon ſoever 
DC, DE, or bc, BC increaſe; or by whatever Name they are diſtin- 
6 guiſh'g, whether by x or y, whether they are confiderd abſolutely or 
< relatively, that their Logarithms are Dc, DC. Now that AD is 
„ 2fſum'd = 1 = to the Subtangent, that is only done for Compen- 
dium, or Shortneſs ſake ; for you may ſhbſtitute any Quantity what- 
< ever, and conſequently the Subtangent, for Unity; only taking this 
« care, that afterwards you refer to, or meaſure all other of the Lin 
te by that afſum'd one. Having now, I think, ſufficiently diſcuſs d al 
# Difficulties, I come to treat down right of the Buſineſs itſelf, viz. 
* of Exponentials. Exponential Quantities are of Diverſe Kinds or 
151 „the loweſt whereof (which hitherto has only been confi- 
« der'd) is when the Exponent conſiſts of ordinary Indeterminates as 
« yn , zÞ, where *,, ? may be ſimply Indeterminate Quautities. 

* An Exponential Quantity of the-Second Degree, is when the Expo- 


« nent itſelf is an Exponential Quantity as *; and univerſally an Ex- 


“ ronential Quantity of any Degree has for its Exponent an Exponential 


Quantity of the next ſuperior Degree. Lon ate to under the 


<« ſame in referring Exponential 1 and Curves to their pro 
% Degrees. You are alſo to take Notice, that if an —_— conſiſts 
&« of different Exponentials of different Degrees, then the Xquation as 
« alſo the Curve denared fy it, Thall:be denominated c pgtion; or from 
< the higheſt — ＋ in _— to al 2 8 _ what — 

hy n Logarithmical Cutue as tak ing ubtan- 
, or 100, and the Ordinate AD, equal to, ie e — Ordi- 
Date Bb, any may Varianie, whether ir be an Ordinate or an Ahſciſſe 


of any other ch it increaſe Lor decteaſe] equally.or unequally, 

* per minima (er by dudafnite Ft Earts) be denoted by x, J, or æ, 

and conſequently DC „ Dx, „ x. C p: I, air — 
; S 


* 
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2 5 have this general Rule, The Fluxion of a Logarithm, 
HR . is ans the Fluxion, of a Number, divided by a 


e Number 289 :1: VF = = To find therefore the Fluxion 


of an Exponential Quantity of the firſt Degree m make t. 
« Therefore ulm = It; but by the general Rule „: Im = — and 6: lt 


1 + Im = — = ( by reaſon of m = t) — ; 
P m 


tt whence t ore: mm = um- im + m 3 which ſuggeſts a firſt Special 
Rule for Exponential Quantities of the firſt Degree, for you may 
« take m and u for Quanties any how compos'd of Indeterminate ones. 
« Suppoſe now an Exponential Quantity of the ſecond Degree mr? 
« make it equal to t, and conſequently Inn it, and taking the 
« Fluxions on both fides e: h m + me: M elt. But be. 


ct cauſe by the firſt Special Rule e: % = = and e: Ut = — you'll 
« have the ſecond Rule for Exponentials of the ſecond Gender, which 


« is this o : f = 1; —1n + pf” m + um" I l. up. You may 
after the ſame way find the following Rules for Exponentials of 
higher Genders, nor is it more difficult to find the Fluxions of 
« Quantities however compounded from them, as e: wp? = N: mn 
« þ : p where if you ſubſtitute the Value of 9 : 5, 9: m" found 
as before, you'll have the Fluxion ſought. 


The Examples he gives are as follow. 


« x To conftru a Curve m_ Nature is a_—_—_ 3 this E 

cc nenti ation x* = y; to determine its Tangent, taking its Lo- 

00 — — havs xlx APs drawing therefore a Lune Line 

« AB whereof the Subtangent ſhall be = 1 = AD, and let DE or 

«BC=x, then will DC lx; and conſequently, if you make AD: 

« BC:: DC: DM, DM will be = h & MN =y, to which, — 
n draw 
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« draw equal EF, an Ordinate to the Abſciſſe DE, the Point F will be 
« in the required Curve HGF, the Tangent in the Point F is thus deter- 
* min'd by the firſt Special Rule, y = x*x + xl: xx = (ſubſtituting y 
jn the Room of x) yx -+ x that is y + ylx:1::y:y: ſubtang. IT 
hence taking EL a third proportional to AD + DC and AD, FL will 
be the Tangent; which we have therefore expreſs'd in ordinary, or 
or common Terms. 

Under theſe Terms Ordinary and Aſignable, Mr. Leibnitz compre- 
“ hends, not only an Alzebraical, but alſo a Tranſcendent Quantity, fo 
« it be a finite one; as the Periphery of a Circle cannot be expreſs'd in 
Algebraic Terms, is it therefore not an ordinary or finite Quantity ? 
© or is it leſs Aſſignable, when it may be affign'd by one turn of the 
« Compals ? 

« 2. If there be propos'd a Curve, whoſe Equation is & = a, you'll 
have, when it is reduc'd to Logarithms yl = la, whence, as before 
« we have ſhewn by the Logarithmical Line, you'll have the ConftruQ- 
ion of the Curve; and finding the Fluxions by the firſt Special Rule, 


« you have x + Isx = hy, whence alſo flows the Determination of the 
“ Subtangent ; here it may be worth while to Obſerve that the Quadra- 
e ture of this Figure may be exhibited without a Series, for the 


2xxlx — xx 

” F 3x = EE LOI 
« 2, If there was propos'd a* yy; and conſequently xla h, there 
« would come out ylax = y; that is, the Subtangent would be equal 


75 = to a conſtant Quantity; whence may be concluded that the 
« Fquation propos d, expreſs'd the Logarthmical Curve. Wherefore 


« by one Stroke of the Pen, I have ſhewn a plain and eaſy Way (as 
« Mr. Niewentiit defires) of reducing the Logarithmical Line, known 
« now to every Body, to an Exponential quation. 

« 4, Suppoſe now an Exponential Xquation of ſeveral Terms, viz. 
« ,z+x*=x) +y; taking the Fluxions on both fides of each Term 


< by the firſt Special Rule, you'll have e: * = *** + kx. e: * 
6 -x, : x = y"'x + Hl which being diſpogd in due Order 
will give this Equation ** + Rx *+ -i -- = xlxy +3 


making 


\ 


| TW) 
making therefore as y to z ; that is as x* + als + c-! to 
« ix + 1, ſoy to a Fourth, and this Fourth will be the Subtangent 
* ſDught of the Curve. Take Notice, in the mean while, 
that the Multitude of Terms no ways hinders the Contraction of 
them, for fince, by means of a Logarithmical Line, there may be 
10 d a a equal to each, it is evident, that thoſe Quantities 
thus 'd, and taken together, will form the Quantity ſought. 

4 The Examples here already brought, will abundantly Illuſtrate the 
& Proceſs to be made uſe of in other Expanentials of the firſt Gender, 
and from them it will not be difficult to ſee which way the Method 
< is to be apply'd to higher Genders ; for in all you are to obſerve the 
* ſame Method of Operation; ſo far Mr. Fobz Bernaull;. 

Dr. Cheyne has ſhewn Analytically, and by a Demonſtration drawn 
from the Nature of Logarithms, the Foundation of theſe Methods as 
may be ſeen pag. 14. of his Irverſe Method, and has carried the Me- 
thod of finding the Fluents of Logarithmical Fluxions very high. 
Which before we enter Bon, we'll ſhew you from him, viz. from pag. 
14 and 28. what thoſe Fluxions are in the following ſhort Synqpfi. 


fh=— 
| * 
1 5 » 
1 
Iz = x1" "ax = =o 


| bx = nx=P""xx 

[r: = matt: Ix T ment P= Ll "xx 

| mR I lex — 

Catal bs + antetr = Quan Poa; kx + 

* of L-: I Ac. Nc. 

Or that the ndent Fluents are the proper ones of thoſe Fluxi- 
ons, or, Which is all one, proportional to em. 

- Hence Dr. Cheyne-axhibirs the Fluents of Logarithmical Fluxions in 
the more 1 Caſes; an Explication whereof we ſhall here ſhew 
for the Ae of Beginners, and of Tome that have made — 
about 
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about them; premiſing firſt of all the Rule for Aſſumptions ad Inf. 
as laid down by Dr. Cheyne, which is this | 


— ———— — 1711711 5 | \ 
x + Is TI: IX I:. I: IX + mT ? &c. which being evolv'd 
and ad fected with Indeterminate Coefficients, will give the Series to 
be aſſum'd for the Logarithmical Fluents ſought ; and thence you have 
a Progteſſion of Aſſumptions ad Inf. as ſhall appear from what follows. 
Noting in the mean while, (that tho* the Aſſumption may reach only to 
ſome Terms, whoſe Indices may go on in an Arithmetical Progreſſion 
from o to Infinite) that the Fluents of all of the like Nature, may be 
exhibited ad Infinitum, or generally, you muſt make uſe of an Tak: 
nite Progreſſion of Terms with Indeterminate Indices, under which all 
will be comprehended ; and from the Primary aſſumption (as we have 
heretofore hinted) all the reſt, tho' Infinitely Infinite, will come our, 
as ſhall be more largely ſhewn further on. Now 1ſt, Let the given 


Fluxion be x"lxx (the ſame with that of Dr. Chee, pag. 14.) Now, 


according to the Rule aboye-mention'd, you muſt aſſume x"?! x Ix + 1] 


ad fected with Indetermin'd Coefficients, viz. Bx" fx + Cx" t: which 
will yet thus further appear from the Nature of the direct Method: 


Aſſume firſt of all Bx*t'lx , and having taken its Fluxion, you'll have 
CI x Bx"lxx + (Bx"t! — =) Bx"x; Now compare the firſt Mem- 
ber with the Fluzioa given, which having done and determin'd the 
Coefficient B = 


2 „ there will remain the other part of the 
Fluxion, viz. Bx"x, for which aſſume the Fluent Cx"+t:, and fo the 
Aſſumption is terminated or wholly exhauſted, and when the Primary 
Aſſumption is Infinite, there will (according to the Nature of the 
Fluxion) remain an Infinite Series of Remaining Fluxions, for which 
another Infinite Series muſt be aſſum'd, and fo on, till the Fluent runs 
into ſeveral, or Infinite Series; and this flows immediately from the 
thing itſelf, the way as above fhewn. Thus in Dr. Cheyne, aſſuming 


for the Fluxion x"1"xx only the firſt or Primary Fluent, that alone will 
give all the ſubſequent Terms and Series, | 


N 1. The 


. — 
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1. The Fluent of the Fluxion rx"I"xx will beabſolv'd or finiſh'd in one 


Infinite Series, and give 8 - —_— Ig == * x &c. ad Inf. 


* m + 1] 


as will appear from the Fluxion of the aſſum'd Fluent, and its Compa- 
riſon wich the given one; where if » = to any Integer affirmative Num- 
ber, or to o in any particular Fluxion, which falls under this Formula, 
the Series will break off, and the Fluent be exhibited in Finite Terms. 


2. If the given Fluxion was x]: Ixx, you muſt aſſume x 
x I: Ix evolv'd Nc. which in this ſort of Evolution becomes *x + I” *x 


+ 1-3x &c. ad Inf. wherefore you muſt aſſume * I: Ix +1” *x &c. 
ad Inf. ad fected with Indetermin'd Coefficients, viz, Ax" iI: x. 
Bx"til"'x... Cxa t K &c. 


Suppoſe now 3ly, the given Fluxion to be *I: Ixx ; its primary 
aſſum' d Fluent, viz. Ax f: Ix... Bx ff Lx: Ir. . Cx I: & &c. 
will leave for the ſecond Series to be aſſum' d, this Series of remaining 
Fluxions, wiz. * xx. *I xx &c. for which you muſt again aſ- 


ſame x*+'1"*x...x*t' x [3x &c. ad Inf. ad fected with Indeterminate 


Coefficients, and the Series will be exhauſted, or there will be found 
no farther remaining Fluxions, Cc. 


Again, if you had the given Fluxion x*Þ: [xx from the primary af: 
ſum d Fluxion (ad fected with Indetermin'd Coefficients) 


viz, a II :I IE: IK. IP: I. tFxP:ls &c. 
There would come out... II: IX. I: I. I- I: Ix &c. 


/ oof Äh 
Which muſt alſo be adfefted with Indetermin'd Coefficients, and ſo 
would be exhauſted ; and ſo on. Whence univerſally in that Kind, if 


there was given f: læx ; you muſt aſſume * 
gti... ont [xl : „ tl *xÞ-1:1x &c. and thence 
you'll have x**'[" "al . FT I &c. 

&c, ad Inf. Ke. ad Inf, adſected 


N. B. From the firſt Term alone aſſum d, the reſt will , 
Direct, and then the Inverſe Method . 


(47) 
ad fected with Indetermin'd Coefficients, viz. 


ext; IX , Anf I: x., Bf x. CMI -I“ Ix &c. 
Dew "al : Ic. Eau e : Ir. . Exntil-*x1" lx &c. 
&c. &c. Wc. 


And having taken the Fluxions, you'll have x: k T Tex" : Ixx. 

Whence 1%. 1 = m 1 & — Sa &c. And going on you'll have 

for the remaining Series of Compariſons | 
in: Bos — i: kx BvT e 


m + IAA K“ lx In T I8 .. e 


— 3Cx"l-* x1": be 8 ad Inf. Whence there would come out 


30. — ANT IB. B — 7 Sil 

4%. — 28 = 10. — == == 

5. — 30 2 n ＋ 1D.D=— = = — 

6%, —4D N IE. Whence E = — © =. 
and fo ad Inf. and for a farther Compariſon there would remain 
TIA iba... or TBE... 


ice e: Er. . 1 IDE- =: ler ec. 

For which you muſt aſſume 

Ei- H: K. Fi-: N. . GI: I &c. 
Whereof 
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Whereof having taken the Fluxion, there will come out another Series 
of remaining Fluxions, viz. 


m+ I Ex ef” "xx —2Ex"[- x1 9 X Fx 4 3; Lex &c. 


— . ß &c. 
Which would farther remain for a ſubſequent Series of Aſſumptions, and 


ſo ad Inf. and you e — 2E + mF 


2 1B. or n IF = A- IB A 2E. & F = rn Sas &c. which 


coincide with thoſe of Dr. Cheyne. And hence you have the Natural 
origine of Infinitely-Infinite Series. 


Suppoſe again, this given Fluxion px"1"x1":1xx viz. the Example of 
Dr. Chee pag. 32. aſſume (or let the firſt Term of the Primary 


Aſſumption) be 1. 4 ,: lx its Fluxion will be 


m + lex*T x1 : xx + raf x: ex + m of z: Wherefore 
pT: Ixx = m + 1. Leaf -le Whence p = m + Ia, 4 = —=, 
| But becauſe there now reraain ra iT: Teng + nF ii; bx, 

2. Aſſume A 1 ; lx = to the ſecond Term of the Fluent 
whoſe Fluxion will be | ' 


m + IAF F: IX -F IA : lexb+nAanl A=; :Ixx. And 


the next Compariſon will be A YT hex r a; : Ixx. 


re 
Or m + IA =ra And A= TH 


Whence A Uf T: E xl" bs. 


3. Now for the next Term of the remaining Fluxion affume 
B. MW 'I and its Fluxion will be 


Ber- 2: h + FB“. zx: ur + -T a "the, 


(49) 
And—7 I A 21 x = + 1Bx" 2.1" :bex 


e-, 


4. Aſſume Cx"+:7 : I whoſe Fluxion will be 
m ICH : +1 3Cxnl Ol clxx + CI - KE 


And 7 2b will CIC. & C = "25 e 


. 


5. Aſſume Dx t : lx. and you'll have 
n+ iD" aN. ERA 74D x: xx IDA K : lx 


y— 3C Db DS IXPXS 


& you'll have r—C=m+ 1D. m + I —_ mob 115 Nc. 


ad Inf. for the firſt Series; whence from the third Remainders of the pri- 
mary Aſſumption you'll have a Series of Fluxions, which will give you, 
or determine, the ſecond Series to be aſſum'd, and ſo onward ad Inf. viz. 


for na xf Ef HH T : KX. BAT 1: ,. 
. . MCI *: . DT At br Nr. You muſt aſſmue 
Gent! , i + HantinT "uf" ibs &c. ad Inf. which will yet 


leave another remaining Series, and ſo ad Inf. and the Fluxion of this 
laſt Equation is to be compared with its reſpective Series of remaining 
Quantities, and there will yet remain another Series, wiz. 


„rf f tbe TIC T if EM... 
1 . 160 : x . 11G t = kx and now you'd 


nat np 


have 12 = m + 1G. or G = = -: » and ſoon ad Inf. 


m＋ 1 m1 


O Dr. 
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Dr. Cbeyne applies theſe Series to the finding the Fluents of Loga- 
rithmico-Logarithmical Fluxions, and ſhews their Uſe in Exponentials 
of the ſecond Gender; as may be ſeen Pag. 34. of his Inverſe Me- 
thod, which the Reader may, if he pleaſes, conſult. Now if there 
were other Degrees of Irrationality, theſe Infinitely-Infinite Series might 
be collected into one Partition, wherein each would make one Line, 
and ſo go Infinitely to the Right; and the others being ſubjoin'd Infi- 
nitely downwards, higher Degrees would make 2, 2, 4, c. ſuch 
Infinitely-Infinite Series, and ſo onwards ad Inf. 


CHAP. 


651) 


TF 


CHAP. VAL 


Of Mr. Craig's Method of Squaring 
Irrational Curves, &c. 

R. Craig, after having long before publiſhed ſeveral Quadra- 
tures of Curves, gives us a Treatiſe of his Method of hand- 
ling Irrational ones, as may be ſen by his Specimen in the 

Philoſephical Tranſactions, N 232, where you'll find as follows: © Let 
« ACF be a Semicircle, where- 


A « of the Diameter is AF, and 
« ADE a Curve Geometri- 
* cally Irrational, whoſe Or- 
I C D « dinate BD cuts the Semi- 


circle in C; and let us thus 
© denote the following Quan- 
« tities, viz. Make the Dia- 
% meter AF = 2a, the Abſciſſe 
F E AB Sy, the Arch AC = v, 

the Ordinate BD Ez; and 
let ru be a general Equation expreſſive of the Nature of Geo- 
4 metrically Irrational Curves, as ADE, where r denotes any given 
“ dererminate Quantity, and u an Indefinite Index of the Indetermi- 


« nate Quantity y. I fay, the Area ABD will be = _— — qv 


n+1 
(« eee A "I JAR m I AN 2 — 1 
f „ 8 


* +aB | 
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« 4 aE x 22 —2 =-6 +, &c. In this Series you are in particular to take 


ANDY 


* notice of what follows; (i.) That the great Letters A, B, C, D,E.&c, de- 
note the Coefficients of thoſe Terms that immediately precede them, vi 


ma ＋-74* AA x 2 — 1 B22 
. 


* and ſoon. (2.) That if the Exponent u be an Integer and poſitive Num- 
<« ber, or equal to Nought; or if 2» be an odd Number, then the Qua- 
« drature of the Space, ABD will come out a Finite — ; the 
<« Series in ſuch Caſes breaking off. (3.) That ꝗ denotes the laſt or ab- 
« rumpent Term. (4.) That all thoſe Figures wherein the Series breaks 
< off, (or becomes Finite) have one Part Geometrically ſquareable, and 


< eaſily aſſignable by the Series : viz, if you take the Abſciſſe y =7 t 
= XI ol * ; you'll find the Curve anſivering to this Abſciſſe to be 


* Geometrically iquareable. (5.) Thar the Irrational Term is only to 
<« be multiply'd into thoſe that follow it. 


Ex. I. Suppoſe z n, becauſe in this Caſe r I, u o, therefore 22 

: * I} 
« is the laſt or abrumpent Term, wherefore q = a, whence ABD = vy 
« ap +a+vV;y—y: and then (by Note 4.) take ) = a, that is, if 
<< the Ordinate paſs rhro* the Centre of the Circle, the Part anſwering 


* to it will be Geometrically ſquareable, viz. the Area = aa, i. e. to the 
« Square of the Radius. 


« Ex.2. Suppoſe z = 5 now becauſe here r = 2 „* = 1, therefore 


cc gs is the laſt or abrumpent Term, wherefore 9 = 4 


<« whence ABD= = — — + 2 00, and then if (by Note 4.) 


5 


you take 


( 53) 


« you take y = vis „you'll have a Geometrically ſquareable Area a- 


« oreeing or correſponding to this Abſciſſe, viz. the Area = / V6a%—Z 


2 


« Fx. 3. Suppoſe 22 2. in this Caſe ry = LA 1 = 2, therefore 
aa 


aa 
6 _—_— - eis the laſt abrumpent Term, therefore q = 8 ; whence 
by the Series you'll have ABD 


« — 63 — 150% + 24 + go T 1523 29 —y ; Then if (by Not. 
I 84? 


* 4.) you take y = * — the Geometrically ſquareable Area correſpond - 


ing to this Abſeiſſe will be = -T N 
« Secondly, Let ACB be a Parabola, whoſe Axis is AE, its Vertex A, 
and Latus Rectum BA. 


« And let ADG be a 8 
< Irrational Curve, whoſe Ordinate B 

* cuts the Parabola in C. Make the 
* Abſcifſe AB = y, the Ordinate BD x, 
the Parabolick Arch AC =v. And 
© let the general Equation, expreſſing the 
Nature of Infinite Geometrically Irra- 
tional Curves, bez =rvy" , wherein r 
e denotes a given determinate Quantity, 
and » the Exponent of the indetermi- 
< nate Quantity. I ſay, the Area ABD will 


+1 — 
2 == —qu ＋ V 209 Y 


A 


7 Ya 
CC mmm ti 


| 27 727 nN GC F E 
P = 
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raa x 21 1 a * 21 — 1 


2 — 3 
222 


1 - RR one —2 
u Xu T 2x1 ＋ 5 * 


et — -A +, &c. In this Series you are to take Notice; 
41. That the great Letters A, B, C, Cc. denote the Coefficients of the 
Terms that precede them. 2. Thar if the Exponent u be a poſitive 
< Integer Number, or equal to Nothing, or if zn he an Odd Number, 
then the Quadrature will be exhibired in a finite Number of Terms; 
the Series in this Caſe breaking off. 

3.* That +9 is equal to the laſt abrumpent Term. 

4. © That of the Terms that are multiply'd by the Quantity y 2ay + »y 
the laſt abrumpent one is to be doubled. 

5. © That all thoſe Figures in which u is an Interger, Poſitive, and 
“ Odd Number; or more generally, all thoſe Figures, wherein the laſt 
% abrumpent Term has an Affirmative Sign or +, have one Portion or 
“ Part of them Geomerrically ſquareable, and eafily aſſignable by the 


< Series it ſelf, by taking the Abſciſſe as in Note 4. of rhe precedent 
Series. | 


Examp. 1. 
Let x = v, now becauſe in this Caſe r = 1, » = o, therefore the laſt 
« abrumpent Term is h == 
2 2A iT 4 3 


Note 3.) and becauſe in this Caſe — : is the laſt abrumpent Term, 
* therefore —a is the laſt Term to be multiply'd into y 2ay Ty (by 


“Not. 4.) and conſequently vy + _ + vVay+yx=—! —a, = 
© to the Area. 


Examp. 2. 
< Suppoſe z = 2, becauſe in this Caſe y = - „ 1 x, therefore 
the laſt abrumpent Term is — 712 = whence 


q = 


8:2 


* , = 7 , and - is the laſt Term to be multiply'd into Vzay + yy; 


* and conſequently ABD = = — 7 + Vzay + y* X__ I 15 


44 25 and if you take y = 1 the Area correſponding to it will be 


<* Geometrically ſquareable, viz. the Area = 7'; V :V 24+ — x 
& 0g * 


* 3. Let ACF be a Semicircle ; ADE a Curve Geome- Tranſact. 

< rrically Irrational, the Ordinate whereof cuts the Semi- N' 235. See 
« circle in C; and let «the Quantities remain noted as be- 

fore, viz. the Diam. AF = 2a, the Abſciſle AB = y, the Arch 
AC =», the Ordinate BD Sz. And let z=7v*y" be an Equation 
<« expreſſing the Natures of the Curves ADE, wherein r denotes 
* any given and determinate Quantity, and u the indefinite Ex- 
<* ponent of the indeterminate Quantity y. I ſay the Area will be 


ru? yi +1 — — 2 
. ABD = So — (Jy? ＋ wy 2ay == yy Ky 


« J. 4 N 21 ＋ 1 ,  a\x2t—T „ aBx2n—3 
. 


1 2 2 


1 


. 4 2 M=1 p-; 4 Ex2r=9 


n—3 1—4 1—5 


* + 


e 


21a 


— 


zra an EI aA 2u—1 4232-3 


nll — — — — — — 


1-+1.* 1 XK +1] 7 —]|? 1 —2* 


ce 


2 


« — Cx 21 — 5 


*, NC. 


n— 3|* 


In this Theorem you are to note; 1. That it is compos'd of two 

« infinite Series; the firſt whereof (joined by the Sign +) is multi- 
ce ply'd into vy/2ay - y; but the Terms of the latter (ad fected by the 
Sign —) are abſolute, 2: That in the former Series the great Let- 
* 89 


( 5s ) 
« ters A, B, C, D, E, Cc. denote the Coefficients of the Terms immedi- 
« ately preceding them; and alfo denote the fame Value in the latter 
they did in the former. 3. That the Quadrature is exhibited in a 
«* finite Quantity, when u is an Integer and Poſitive Number, or equal 
& to Nought, or alſo when 2" is an Odd Number: For in theſe Caſes 


4 both Series will break off. 4. That 29 is equal to the laſt abrumpent 
« Term of rhe former Series. 


. Examp. 1. 
« Suppoſe z = S becauſe in this Caſe » = 1.7 = — therefore the Area 
a a 
” = —v? + 2] — — 2ay, 


Coroll. The whole Eigure is equal to twice a Square, whoſe Side is 
« ACE, ſubſtracting the Square of the Diameter. 


Examp. 2. 
* Suppoſes ==; becauſe in this Caſe = 1,7 = =; therefore the Area 


” ABD = ů· + 2 — yy rs — 


2a? 28 3 


Examp. 3. 
« Suppoſe z = 2 , becauſe in this Cafe 1 =2, r = —,therefore the Area 


c OE + 2 _—_—_ 2 2 5 273 * 
« ABD — 2 + vy 2ay ERS ARS = 


ce 


Dr. Cheyne has given us one general Theorem includi Il 
and of this Sort ad Inf, which we ſhall next produce. ng all theſe, 


55 
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Suppoſe now this Fluxion, viz, (the fame with Dr. Cheyne's) 


yur F: 2 | or ryuny given: From the firſt aſſumd Series 


Vlay +52 | 
(after Mr. Craig's Way) adfefted with indetermin'd Coefficients, (ha- 
ving taken the Fluxions) there will remain a ſecond Series of Fluxions, 
the Terms whereof involve vu, for which you muſt aſſume a ſecond 
Series or Fluent, whence again (having taken the Fluxions) there will 
remain, after Compariſon, a third Seties of Fluxions involving va-3, 


and ſo ad Inf. So that the Fluent will be ; 
ro + DEI paw 
: 1 ＋ 1 228 ity 5-5 A 
-,, xc, ad Inf, 
mxm—Ixra , _ IAK 21 A1 „ 
DE Hobo n 2 wn ö v 2. Nc. 
2. n II F 12 * 3 
ad Inf. &c, + cyn-2, 
2. x —— 
1-+I) 
5 — — — - -x V2ay — 1, BC; 
* 


4 
57 ¹ 


— — 76— — — —ẽ 
—ů—ñ— 


1 2 2X Aa+ + m—3xwPEa* x21 ＋1 
— —. * 2 


- 


— — Aras 
2. Li 22 474 vu-L, &c. 
1 ＋ 1 | 


K — yp» &c. &c ad Inf, 
Q Upon 
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Upon this Theorem Dr. Cheyne gives the following 
| Obſervations. 5 


4.7 4 oe AT it confiſts of an infinite Number of infinite Series, the 

« firſt whereof has all the Terms beſides the ſecond adfeed 
« with the Sign +, the two following have all their Terms adfeQed 
« with the Sign —; then the two next following with the Sign, and 
« ſo on changing alternately from two to two, except one Term al- 
« ways in the Even Series. 


p- © That in each of the Terms now mentioned of the Even Series, 
« and in the firſt Series, viz. in the ſecond Term of the firſt Series 
« bu", mbis = * to the laſt abrumpent Term of that Series; and 
sin cuua of the ſecond Series m— 1c is = to the laſt abrumpent Term 
* of the third Series; in dun = of the fourth Series m— 2d is = to the 
© laſt abrumpent Term of the fifth Series, and ſo in the reſt. 


3. That the particular Series are alternatively abſolute, and multi- 
© ply'd by Y2ay—yy, vix. the firſt Series (except the two firſt Terms) 
“js multiply'd by 2% — yy ; the ſecond is abſolute ; the third is mul- 
© tiply'd by V24y -); the fourth is abſolute, and ſo on. 


4. That the great Letters every where obtain che ſame Value, and 
* that wherever there comes up a new one in any Series, it is always 
the whole precedent Coefficient of that Series, and conſequently 
<« jt will be eaſy to continue the Series as far as you pleaſe only by bare 
« Obſervation, v.g. the ſecond Term of the ſeventh Series will be 


— 


—M—IXM—2xXMmM—3Xm—4Xm—5xm—6X A- m—3JXM—4X m— 5 
10 


xm—6xn* x EA —m—5xm—6xntxla—n x Nax2n+1 


yu"n-7, 

5. © That the Number of Series becomes finite when m is equal to 
an Integer and Affirmative Number, or to Nothing. 

6. That the Number of Terms in the particular Series will become 
** finite, when 1 is equal to an Integer Affirmative Number, or to 
Nothing; or when 2 is equal to an Affirmative odd Number, or 
* to Nothing. 

7. That except both m and » are equal to ſome Integer and Affirma- 
«© tive Number or to Nothing, or an to an Affirmative odd Number or 
* to Nothing, the Fluent will not be exhibited in a finite Number cf 
© Terms, Suppoſe 


1 
Suppoſe for an Exemple the precedent Theorem of Mr. Craig, viz. that for 
rvy%,and *twill be found a particular Caſe of this. For you Il have m=1,and 


youmynit  pyyntt — my 
1 = x, and - 7 2 1 ,—by"= —gqv.y 2ay—)) = V2ay—yy 


ra 
iy (for here v by reaſon of m—1 = o vaniſhes) and ſo on. 


Thus vy, making m=3,”n=1,7=1, gives 2 — by3 Dr. Cheyne': 
2ay H * 4av*y + 24a*v* (here the Series breaks off by _— in 
reaſon of n — x = 0 in the following Terms) 4a%*v— 2a3yy ©** P. 28 
(here alſo the ſecond Series ſtops) + Cv— a — . And here the 
Fluent ends, and becauſe 2a*y? is the laſt abrumpent Term in the firſt 
Series, therefore 30 = g, and conſequently b = ga. Likewiſe 2, at is 
the laſt abrumpent Term in the third Series, theretore c = a; where- 


— —— 


fore the true Fluent is 2 9 — e + Vn — N tavy + Zan. 


— tay — 3% ＋ at — italy — al V2ay - y. Again, 


55, wherein m = 3, u =I, rightly apply'd to the Theorem will 


give U — bus + 2% — oy x 4ayy 0 + "Fay uf = Fab yeu 


33 


— A7 N - 8 is the Co- 
J v + Cv, — % — a where becauſe; 0 


i 63 
efficient of the laſt abrumpent Term in the firſt Series 30 = —a , and 
conſequently b = 5 and alſo c = . Thus x Hy ο where v 


denotes the Arch of a Circle whoſe Radius is a, and its Ordi- 
na te V ay — * will give the Area 


e ge — oh RO 
n—}x—B 8 1—4 * —C _. n—5x—D — 214 5 
T Rs > e g—21xa? e 
, , Nc. 
13 — 2 Xa 


Suppoſe 


Ds 
Suppoſe now the Fluent of the given Fluxion v*x is to be inveſtigated 
independently on the Theorem. Avis = to the firſt Term, „: v will 


* 


— . And 9: Avis will = Avis + 3Av*vs. Avix 


2Av*rxx 


„ for which 


for = vis, A = 1, there remains 3A*vx = 


Bu- xx 
V 2rx — xx 


aſſume Bo? Vr < ix. And its Fluxion will be = — 


: 3 Abrxx Brv*x : 


of the Fluent comes out (from the ſecond) Cv3, whereof the Fluxion is 


2 


. r Brv 
3Cv'vy = = which correſponds to or the remain- 


V 2rx— xx 


Bruxv 2rx — xx 
V2rx — xx 


= Brvx aſſume Dux the firſt Term of whoſe 


ing Term 


Fluxion is = — — the ſecond Term 


rx — xx 


= — — gives the next Term of the Fluent EV = , the firſt 
; Exx __- Dis 
Term of whoſe Fluxion — „ — The Second 
EE 8 ü Frx 
„ ives Fo for the next Term, Cc. For its Fluxion — 
Erx 


V 21x — xx 


: And thus (having finiſhed the Compariſons) you'll have 


var + zu X Varx — xx u — zu, = 313 XVarx —xx ＋ 310 
= to the Fluent. 


CHAP. 
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. 
H 
Of Fluxional Equations. 


OW we come to Fluxional Æquations, wherein alſo Sir Iſaac 

Newton was long before any orher, as hinted in the firſt Chap- 

ter: He lays down two Methods for this Sort of Aiquations, 

the one more particular, and as he ſays more conciſe, the other more 
general: We ſhall begin from the latter, which Sir Iſaac in the latter 
of his Letters to Mr. Oldenburg ſays, con/ifts in aſſuming a Series for every 
known Quantity, whence all the reſt may be derived; and in comparing the 
Homologous Terms of the refulting Æquation in order to find the Terms of the 
aſſum d Series, This Method Mr. Leibnitz alſo pretended to find. out a 
long time afterwards, viz, in the Year 1684. We fhall here take the 
Example made uſe of by Leibnitz, which is alſo Sir Iſaac Newtows for 
the other Method. But here you are firſt to note, whether in the pro- 
pos'd Fluxion there be any known (or determin d) Quantity, fot in that 
Caſe the Series to be aſſum'd muſt begin with an invariable or conſtant 
Quantity; if otherwiſe, with an indeterminate one adfected by an 
unknown Coefficient, and taking the Fluxions of theſe Aﬀamprions, and 
æquating them to the Fluxions given, they will, after due Compari- 
ſon and Subſtitution, give the Fluents ſought. Sir Iſaac Newton's Ex- 
ample, which Dr. Cheyne alſo makes uſe of, is this, Suppoſe an Equa- 


tion involving firſt Fluxions, viz. 7 *ͤ— * a0 = dd dex?, wherein) 
is ſought by x z making x 1; and reducing the Equation, you'll 
have . — * dd + ds = 0. Aſſume y = + bx + & + des + 
ext fo, ce. ben y Se + 20br + EEO af e, 


1 27 


* 
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+ 20s of 2af + © x4, Kc. And — xy = = bx? — 20x) — gere, &c. 


which being ſubſtituted in the Room of / and — xy, and ordering the 
Aquarion, you'll have 5 


„ = a* + 2abx + 2acx* + 2aex* + 2bex+, &c." 
| + * + 2be ＋ 20 
a R o Ke. 0 
12 92 — Þ — c — ze Rc. 
8 dd = — dd. | od 


Now making each of the Terms equal to nothing, you'll have the Coef- 
ficients determin'd thus, aa— dd =o, & a = d, 2ab + d = o, þ = — d 


= — ] > — 6 = c = — 3 1 

3 zac ＋ i —b= co, and c 25 & 
wherefore ſubſtituting theſe determinate Values in the Room of the in- 
determinate ones in the aſſumed quation, you'll ha ve y = d— 


2 x — x — — x3, &c. But before we proceed any further, we 


will here lay down a Rule for Aſſumptions for all Fluxional Fquations 
ad Inf. 1.0 be 


bſerve what we have already ſaid for aſſuming the firſt Term of 
the Series, an ou the Members of the Ægquation — not of * Order 
of Fluxions, make them ſo by ſubſtituting Fluxional Unities; Then, 2. Let the 
Number of Punctations, that is the Order of the Fluxion (viz. whether 1½, 
2d or 3d, &c.) be made the Interval between the Indices of the indeterminate 
Quantity in the Aſſumption, and an Aquation ſo aſſum'd will always in its Fluxi- 


ons compare with the given Fluxion : Thus ſuppoſe a*x + xy» = 0. making 
y = 1, you'll have a*x + x = 0. Aſſume therefore x= by + o* + dys 


+ ey 7, &c. If you had ax = x = o, Aſſumex= by + 4 + dy 
To, &c. whence 


- 


o=þ ES 9; + + 0” 2e.7 
ax = 24cay + 21oday+ + 720acy7 &c. 8 


And 


( 63) 


And aſſuming b = 1, you'll have x = y + - + c. and ſo for 


2104 


ax TX So, or a + y*x making y = 1, you may aſſume x = by + <5 


+ chu, &c. &c, Suppoſe for another Example, That Equation of Lezþ- 
nitz for finding the Right Sine from the Arch and Radius given, his 


Æquation is 4) = a*x* + x*y*. Make x = by + cy + e&y5 + 57, &c. 
and you'll have - = b 30) + 5434 + 7/5, &c. and comparing and 


ſubſtituting the due Values, you'll determine the Coeſficients b, c, e, 
7, &c. But you'll da it much ſooner by deſcending to Second Fluxions. 


For making y = 1, you'll have from the quation above, this, viz. 
25: + 2x5* =0 ot r +5* =0. and JI have 2 x 29 
+4 x 593+ 6 x , &c. as is evident by taking the * Fluxions of 
the before · mentionꝰd Value £ „and the Æquation will be 


O = 


x = by + 0 , &c | 
_ ö 
: 


| 3 
and determining the Coefficients, you'll have x = - a 25 72. 


8 97 1 a 1 
+ IX 2X3X4X54% IX2X3X4X5 1 chat in makings R 
dius, x Right Sine, and y = Arc, which for Practical Uſes (ſays he) 
ought to be remarkably leſs than Radius, Suppoſe now that Problem for 
railing any Series, or Multinomial Root to any indeterminate Power, 
or, which is all one, for extracting any Root of it: Suppoſe, for Ex. 
ample ſake, the Multinomial, or Infinitinomial Quantity a ＋ bx + cx 


+ d, &c, = R; & @ + bx + c + des, &c.", = Rn =, 


you'll have 5 + 2cx + 3dx + 4ex?, Kc. R & NR S h. * K = 7 


and 


(4) 


=A + Bx + Cx* + Des + Ex., &c. you'll have 
y= B + 2Cz + 3D** + 4E-?, &c. and you'll have 


[ook ba + bB. T 1 H 5 : 
=" n ＋ an 
IE + qu 


3 na 
| 3 = 3% 


| —Ry=—aB—24C 3 0 — — 2bD *.* 


1 4 — 4E 
Now for determining the Coefficients, make A=a", you'll have 1hA =aB, 


= B = het; Et B + 2ncA — bB — 2C = o, &c. And 


C — , Kc. &c. which explicated into Terms, at 


length, will coincide with thoſe in the ſame Example in Mr. Moivre 
quoted at the beginning of this Treatiſe, as — 4 one by Tryal will find. 
By the ſame Method alſo you may transfer Series from one indefinite 
Quantity to another, as alſo perform Reverſion of Series (without con- 
fidering Fluxions) &c. Suppoſe that Example of Sir Iſaac Newton, 
Rats, 33: of his Analyſ. per Quant. Inf. &c. and writ heretofore in his 
econd Epiſtle ro Oldenburgh, and publiſhed in the Third Volume of 
Dr. Faltss Works, viz. z = ay + by + of + dy+ + ey,, &c. to find 
y in the Terms of z. Aſſume y = Az + Bz* + Cz? + D;, &c. 
you'll have 


55 = aAz + aBz* + x:? = 
0 = 


= bA*z* + 2bABz* + &c. 
3 = cA%3 + Rc. 


U 
0 


and making a = x, you'll have a = 1, and A = =, Again make 


4 


aB + bA* = o, or aB = — bA?, and you'll have B = = = 14 


And making aC + 2bAB + cA* = o, you'll have C = — 2bAB=-c4? 


— E, and ſo on. And) will be => + * + ä and 


ſo 
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ſo on. Again, make z = ay + by + 2 + dy7, &c. aſſume 
y= Az + Bus ++ Ci, and you'll find y= Z — 4 23 + e, 


a7 
+ _—_— ut , &c. And ſo if there were propos'd this E. 
quation expreſſing the Arch of a Circle, viz. z = y Ces Sir Iſaac, 


WW * OT We 7 — 
a — 15 — P Tags ＋ Kc. You muſt aſſume y = Az 
22 25 


125 64 Cz5+ Dz7,8c, and there will come out y x ——— + 


67> 12074 


= JT - &c. and by this Method, ſays Sir Iſaac Newton, pag. 33. and 


after him Leibnitz, > Pa . 180, AF, Erud, the Roots of ad fedted qua- 
tions may be extra — 

Suppoſe now you have az ＋ bz? + cz, &c. = + by* -+ 393, &c. 
to find z in — Terms of y: Make or aſſume z = Ay + By? -+ Cy3 
+ Dy+ —+ Eys, &c 
az = ally aB aC 4+ aD IJ + aE IN + af 

as  bA» by + + 2 | ; 


bu: = bAB + 2bAC + 2bAD -+ 2bEA 
y3 B= -+ 2bBC + 2bBD' 
„ +229 (40, 
W cA3 + 3A? "+ +3 c b +3A? 
OR 3A: Ce y + EABC: >y* &c, 
B*c 
OE RT A ES 9 | ＋ 2dA3 + 2A3Cd | 
, 5 4 _ 
EB Croc te I ea cs +. £ a gent 
FR = 3 . ER, I fA® — 


Now compare the Homologous Terms, and you have 1. aA , 
or A , 2, aB + A- h, and ag = b— bs. 


Whence B =2*®, 3. C + 2b4B A cA =, whence 
C . 4. aD + 2bAC + bB + 3cA*B dA! = K. 


— 


8 Whence 


( 66 ) 


WhenceD=* — — — . Moreover you'll find 
Wo I— 2bAD — 2bBC — 3cAB'— 3cA*C — dd —eAs 


a ar &c. &c. 


a | 
Subſtitute theſe determinate Coefficients in the Room of the indetermi- 
nate ones in the aſſum d Aquation, and you'll have the Fluent ſought. 


Suppoſe this Logarithmical pals + xxy — xIx = o ſeu Poſ. x = 1, 
. Fluxion given Taik+ 2— bmo 


Aſſume y = alx + bxlx + cx*Is + dx lx. &c. 
Andyou'll have y = a + bls + b + 2ols + cx + 2dx* Ix + ds 


yalx = als + bxÞ x + bxls + 20x*I*x + ox Is + zdx lx, &c. 
That is = alx + bxlx + cx*Ix + &c. &c. 


And there will remain the firſt Fluxions of the higher Terms, viz. of 


bxl*sx + 2cx*I*xx, &c. For which you muſt aſſume 
ex*Þx + gx*I*x, &c. &c. and thus the ſecond Aſſumption will 
ſpring from the firſt, &c. 


This Method may be eafily carry'd to higher Equations, and ſuch as 
Involve mote unknown Quantities; but let thele ſuffice. 

The other Method of Sir [/azc Newton confiſts in extracting the Fluent 
out of an Equation that involves its Fluxion alſo : Nor can this Method 
222 more ſhort and conciſe than in his own Words. He pro- 

x 


Lis 
PROBLEM. 
To extratt the Root out of an Aiquation involving the Flaxion 
of the Root. 
RESOLUTION. 


„Xu all the Terms, being placed on one Side of the Equarion, 
* equal to Nought, and, if there be Occaſion, exalt or de- 

<< preſs. the Powers of and y, ſo that the Indices may be no where Ne- 
* gave, nor yet higher than ſhall be requiſite to this End; and let & 
| | * be 


(67) 
« he the loweſt Term of thoſe that are not multiply'd by y nor y, not 
* « any Power of them. Let . yy be any other bg and ſo run- 
cc nin 


g over all the Terms in Order, collect out of each ſeparately the 


« Numbet — — „ ſo that you may have as many ſuch Numbers 
c. 

as you have Terms. Call the greateſt of theſe Numbers », and zv 

<« will be the Dignity or Power of the firſt Term of the Series. Make 

“ its Coefficient a, and in the Equation, which we call the Reſolvend, 


« write az” for y, and vazv—1 for 7; and having collected all the reſult- 
ing Terms in which z is of the ſame Power as in the Term E, 
4 undet their reſpective Signs, make them equal to Nought. And this 
* Equation duely reduced will give you the Coefficlent a, Thus you 
% have az” the firlt Term of the Series. 


Second Operation. 


“ For all the reſt of the Terms of this Series not yet found out put 
« p, and you'll have this Equation y = az! + p, and by the direct 


« Method y = razz!=* + p. In the Reſolvend for y and y write theſe 
their Values, and you'll have a new Reſolvend, wherein p ſtands in 
the Room of y. And from this Reſolvend you may extratt the firſt 
Term of the Series p after the ſame way you extracted the firſt Term 
ce of the whole Series y = az! + p out of the firſt Reſolvend. 


The Third and following Operations. 


* Then you may find the third Refolvend after the ſame way you 
* found the ſecond, and from that extract the third Term of the 
< hole Series. 

« And in like manner you'll find a fourth Refolvend, and from that 
© fourth Term of the Series, and ſo ad Inſinitum. And the Series ſo 
found will bs the Root of the quation which was to be extracted. 


EXAMPLE. | 
« To extract the Root out of this Fquation (#Iich we have before 


© reſolved by the other Method) viz, y*z* — X25 — dd + _ = 8 


Fe, „ IHR * , 2 "IS: — 
* 


« Make z =I, and the Fquation will become y*— 2* — dd + dz So, 
< which is the Reſolvend. Now the loweſt Term in which neither) 


« nor y is found is dd, which made equal to I gives a O. To the 


4 ther Terms y*,— z*y make E equal ſucceſſively, and thence in 
© the firſt place you'll have «= o, «= 2, o, and in the ſecond 


< 2, «=0, and 6 1. And hence = 6 eil become in 
«. the Grft Caſe o, in the ſecond = 213; whence - is O, and az! and 
« xaz'=i axe a and o; the two laſt whereof a & © being writ in the Re- 


*« ſolyend for y and y, produce aa — oz* — dd + dz; and the Terms 
aa and — dd, wherein the Index of the Power of x is > or o, be- 
« ing made = o, give a=d, Whence the firſt Term of the Series 
« az" becomes d. 


Second Operation. 


For the remaining Terms put p, and you'll have this Equation 
« , = > and thence by the direct Method y = p, which Values 
< being ſubſtituted in the Reſolvend in the Room of) & y, give the 


e new Reſolvend 2dp + pp — zzp + & = o, where p and p ſupply 


« dom of y and y. The only Term wherein is neither p nor p is 
6 4 — — * the Term E gives A= 1. To the reſt of 


« the Terms 24p, pp, — make b ual ſucceſſively; and 
13 * Se you! have w = o, x and 3 o; and 


& jn the ſecond « =0, 4 2, 6 o; and in the third «= 2, « a, 


£ d 8 1. And bener 2. Kl will become in the firſt Caſe 1, 
«5 nd 2, in the third o. Whence » is 1, and ax“, and ar 

1 — "Ig The two laſt Terms az and a being written in the 
© Reſolvend, reſpeQtively produce 2daz + a — az*-+ dz, And the 
Terms adax and dz; wherein the Index of z is à or 1, being made = o 
* give . Whence the firſt Term of the Series is — r. 


/ 


Operation 


* 2 * 
9 2 - _T 12 hs 


11858 ) 


: 0 Third Operation: | n 


Wo For the reſt of the Terms not yet found put g, and youll have thi 
* Nquationy = = X q, and thence by the direct Method p 7 r 40 
* wth | Values, being ſubſtituted in the Room ef þ and p ih the laſt 
AReſolvend produce a nen Reſolvend. 2dg— 29 + 99 4 = So, 
* where 9 and 9 . Room of andy. The only ken in 
«which neither 4 nor 4 is found i is 4zz, which compared with E giyes 


«A=2, to the reſt of the Terms oY — z4, + 94, — 224 put K* q = 
“ equal — | ; and thence in the -fuſt Caſe you'l have K = 0, 
«a=1,6=0; inthe ſecond « , 2 = 1, 2 o; in the third 

* =, 2 6 = 0, in the fovtth hu S2, 2 o, 6 1 and 
A thence LE becomes in the firſt Caſe 2, in the ſecond, thitd, 
* and fourth Ii and hence - is 2, or az” and 192” are a and 2az, 


* which Values being ſubſtituted in the Reſplvend for g and q give 
& 2d — az3 + az + 4 — 24? and che Terms ada + Ax, 
* wherein. the Index of dee Poneg of z is A er 2, being made equal to 
1 n give a = — = Whence az", che firſt Term of the Series $7, 


- * | 7 i = 14 "4 y | £7 *” » 


« becomes Jy", | 
— 1 1 r —-x , 5 
_ Fourth Operation: 


Lag 


Lad 


1 - X 2 — 


266 . of the tows not yet found out put r, and you'll have | 


ke. gl bo = r&q 41-2" on thence the 


xxv 

| q == +24" 555 and 

5 ce, b — 1 Method: you'll hive— = the firſt Term of 
* the 


(7) 


< the Series 7, and ſo ad Inf. Wherefore the Root to be extracted i; 


| ⁊⁊ 
AA A- Ad- 7 


* — 2 &c. and by continuing the Operation you may bring out 
- < the Root to more Terms. 
nden ie may he ene 0 rn G, . 
ee e r the a Becel fnefdh Degree c 
| Fluxions this Series 
eee nah 

155 N 


bas ; 1 1757 To which this Series anſpers that of 
the greateſt Numbers, vis. 


r 
— - to the greateſt Number. 


EAN ALT v 
er8+y+4 


a= ptb+iy+3ii +4 = : it. i 
3 r 9 v, &c. ad Infinit. in which v anſwers 


the Power of 2, to which being rais d it will be = nearly to j. 
You muſt put for 5. v 3-2 u — IX v2/-4 


* . 8 . . . UV ="2XKXU— I XxX UZ 3 


F nne 
Vͤ„ 
—_ IE / ( 


And in the following Page he accommodates it to an 2 invol- 


0 ; inate Quantities, vis, J, x, u with their Fluxions, Cc. 
%%% 
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Suppoſe now, for another Example of this Method, that of Dr, Cheyne, 
pag. 106, viz, this Equation for the Area of an Hyperbola, viz, 


$ 
OLED aj all A A W 


* Now the loweſt Term in which there is neither y nor any Power of 
it is A, which made equal to kA* gives A = 1, and by making 


LAH equal ſucceſſively to the reſt of the Terms Ji Ee 
<« you'll have in the firſt Caſe « = o, « = x, in the ſecond # = o, 
6 1, in the third « =3, 2 = 3, and ſo on. Hence —£ is in the 
« firſt Caſe 1, in the ſecond = +, in the third = 5, &c. Where- 
“ fore „=I, «A! = «A which ſubſtituted in the Reſolvend in the 
Room of y, gives — A+ «A + = „Kc. o, and conſequently 


the Terms wherein A is of the ſame Power, being put = o, give « = 7. 
* whence the firſt Term of the Series is A. For the reſt purp, and you'll 
“have z = Ap, which Value being ſubſtituted in the Reſolvend in the. 


2 A 2 
Room of y, gives —A + a+p LH + 


« + —— 2 wn &c, o. Now the loweſt Term in which 


« neither p, nor any Power of it is found is — = „ Which made 


« equal to x A gives x ="2, and by making LA*p* ſucceſſively equal 
4 to the reſt of the Terms p,. — Ap, — =, + >, &c. You'll have in- 
« the firſt Caſe @ = o, « = 11 in the ſecond K =1, «= 1, in the 
third „ = 0,4 2z in the fourth « = z, «=o, &c. Whence —.— 


<« in the firſt Caſe is 2; in the ſecond :; in the third 1, and fo on. 
« Wherefore y = 2, «A! = «A?, ſubſtirute aA in the Room of p, and 
the Terms in which A is of the ſame Power being made equal to o, 


give «A? — So, and conſequently « . For the reſt of the 
Terms 


If 4+ 1 


®"Ferms not yet found p put g, and you'll have the Fquationp = YA» 44, 


* which fabſtfruted in rh&Refolvend- produces a new Retolvend; which 
4 weated vo the others, will give- the third Term of the Seri ies, 
1 and by proceeding after this way according to the 1 of 


* Method — wy Town, you” have at length y = A ＋ 2 24 2 
ec . hy 
5 


Having thus diſpatched theſe two Methods, there remains yet a third 
of Fobn Bernoulli, which we will here gi the Reader. R b printed 

in the Ad. Erudit. * dick in the Lear 1694; Dr. Cheyne has it, 
"pay 5o of his Inverſe N 24 TheFlutrt of a given Fluxio may be b. 
einen by a general 2 Series, but yet for the moſt part in Terms v6 


J 
licate. He ſhewsand inveſtiga general Series ir ſelf, but be- 
cauſe he giv 822 more particular freetignion of it in tis Rudin. we 


* wif! dn ſent the latter here, ux. Sn 2 2y to be a general Expr 
n fer by wie Phoxions (where y demtes a Ah, am bop compounded 7 


indeterminate and conſtant ones) let its Fluent be Az"y" then will mAz"- 29 
+ AAN be its Flxion : Now the latter Term of the offumed Fluxrun 


cannot be compared with the Fluxion giuen, becauſe there 4s no 2 in it, (and 
it it neceſſary in orler To'Compariſin that-all the mdetermmate Quantities, 
with their Fluxious, be found in the Fluxion of the aſſumd Æquation that 
dre in the propoſed. vnes aud if there ch.mce to be mare, there ili be v 
Danger, b:cauſe tbey being each made equal to 1,will van. Wherefere the 


nl. Ten ef the n of the Hamed ! be cum, with 


the Fin paſad, vir. MAN ix = , hence n —1=9, mA =1, 
1 Sk. K. the firſt T ot oy the Flucnt will by 9 the Fluxion vbere / 


i 2) + zy, but fince there remains 52, vith which #1 | Fond Term of the 
| Fluent can compare, 1 male it to be Bx. (net y* , for To thè Tenm to be 
| found wauld coincide with that already Hund,] therefore mR vw". 


IBN. * is its Pluxion; but becanſe only the frft Term can compare with 
, the remaining Term of the Fluxion, from the firſt aſſumed Term ( Aer comes ; 


4 


ntbcr, for want of Emo geri Terms, as will be Iernd 1 TR: 
ml 


x # * FLO 

: «go; . . 1 . 

2 $3 1: > * 

x + — — e 
at ” "+ # * 24 * * 


wonld become equal to 1, and fo the Compariſons* would pr 25 * 


r 
' — 


13 
- * 


2 

5 

I 

** 

/ — 
, 
* 

* 


al) you'll haue 1 — 1 =1, and m =2, 12132 1 = to a conſtant 


(3) 


tity (wherefore it has no ſecond nor third, &c, Fluxions ) and theſs b 
ſubſtituted in their Room, you bave 2Bzy + zy = o, and B=—2, And 


ſo the ſecond Term of the Fluent becomes — 2 ; but becauſe there remains 


bere alſo the Term _ with which there is none to compare, I aſſume 


Cy and ſo mCz"=! 2% + C ij will be its Fluxion. And becauſe 


by comparing the ſecond Term of this with the reſt, you havey = 1, and fo 
the Compariſons would ſtop afterwards, therefore I compare the ent with the 


Remainder, and I find m—1 = 2 and conſequently m , 2 =1, n=1, 


and ſubſtituting theſe in their Room, you _ 3Czty 22 So; and de- 
termining the Coefficient, you have C = On And conſe- 


122 


255 2 
quently the Fluent of 2⁊y is 29 n 1 &c. 


and becauſe every where % = 1 _ the Terms may become Homologous 3 


„ Nc. and bence you may ſafeh af. 


I * wy IX 2X 32? . — 


7 ( having thus foreſeen oy the Genius of the Fluxion the Fluent) axy 


+2 2 + 2 2, &c. as far as you pleaſe. And this Series ( Jags Bernoulli) | 


vil ſerv aint as e ee e Series, for in par- 


ticular Caſer y, 3,1, 3, & 4. 4, 23, Ge. vaniſh, bes eayſ in mygiven Cſs 


their Relations are given in Algebraick Terms, and co e Series 1 
particular Cafes will conſſt of Terms purely Abeba. e Example 


be brings i this : Suppoſe y | =E(wherer= a co) making in the Canon 
Won xa 


(74 ) 


y=x, 2 =% y==,y=(hreſmofr =x) , j = *® 


2» 3 2 3 
y= —== , &c. and yon I have) == + = + 


A* 
375 


+=» &c. 


Let zyv be a general Expreſſion for Tranſcendent or Exponential 
Quantities of the firſt Degree, (where y is an Algebraic Quantity com- 

ſed any how of indeterminate and conſtant Quantities, and v an 

aantity Geometrically irrational: Aſſume Az"y"v? for the frſt 
Term, and you'll have from its Fluxion 


A =- [+ nAzny—o? + AN - for the firſt remaining 


| Terms. Make zyv = mH -i, and youll have m—1 = o, or m = 1 


2 1 =I, A= 1, A===1,and Ar =zy0 ; Now in the 


next place there remains nAz"y"=:v? = e (by reaſon of u 1 
. 

Aſſume Bz"y"v! and you'll have 
mBZZ V- iy | — Bx iyvr E PB vb -i, & BZ -i =2)v. 


Whencem— 1 =1,m=2, B =I, B, n=1,p=1, andz = 1, 
Whence Bz"yv! ==L , now there next remains BY v Bx 


= =z For which aſſume Cz*yv?, and you'll have Cry 


[+ nConymint | + pCanyont=! cf - i 


_ „ OW WI x 83 
an neee ads ona han AT TH 


Now there remains again, »Cz""-1yu? = Cv = 125 . Aſſume 
Dev „ and youll have 


mDz 


_ : 
„Dr.- D N- | +pDenyor=t,and ne- - s will bes 


. Whence - 1 = z, and m = 4, 1 21 p, D —&D= 


: 


VE . 7 © Z5yv 
Tc Cc. after the ſame way will come out Ezmy"u = — 8 
and Fe- ee, Ge. and there will remain this Se- 


IX2X 3ZX4X5X6 ? 
ries of Fluxions, viz, pAx v — pBznyrout-! * C 
+ pDz"yoo?-1, Ec. Ec. ad Inf, for which you muſt aſſume Ez"y*v 
+ Fz"y"v + Gz"yv?, Cc. ad Inf. So that this Fluent will be alſo In- 
finitely Infinite : And in all of them the firſt Aſſumption, whether (as 
it ſhall happen from the Genius of the Fluxion) a ſingle Quantity, 7 — 


ſome Caſes, or a whole Series as in others, gives or determines 
reſt or ſubſequent ones. 


"90 
b $66 erde 
FTE TE eee 
Af. X. 
Of the Method of finding Fluents by Geometri- 


cal Figures SC. 


8 the Fluents of firſt Fluxions, handled as they ought to be, ex- 

hibit a other things the Area's of Curves , ſo alſo the 

Area's of Curves may repreſent or give the Fluents of f6r(t 

uxions : And hence you have a Method of finding Fluents by Curves, 
either Geometrical or Mechanical ; fo that to find the Fluents of firſt 
Fluxions is equivalent to the Quadrature of Curves, and reciprocally ; 
or to ſquare Curves is the ſame thing as to find the Fluents of firſt 


Fluxions. 


O A Suppoſe this Fluxion to be given; viz. xV 27x — xx. 
From the Centre C, and Radius CB = r deſcribe 
the Semicircle Aug, make AP = x, then will 


 PB=2r — x and MP = Varx — xx, and Pp = x, 
whence the Fluxion of the Area or the Parallelogram 


* Mp = xV2rx — xx, and conſequently the Sum of all 
the in —xx's, or the Fluent is equal to the Semi. 
3 ſegment AMB. | 

Suppoſe you are now to find the Fluent of 


&& 


2Vrx — xx Draw AM, 


end Am at an infinitely ſmall Diſtance from one another, and ſtanding 
at Right Angles on the Diameter AB, as alſo draw MR perpendicular 
to Am, then (by the Property of the Circle) AM = art, and Rmiis 

| uxion 


” » 4 


(m1) 


Fluxion is = r: But becauſe the Triangles Ap, MR are ſimilar, 
(the Angles AMP and MmR ſtanding upon equal Arches) you'll have 

e 
Vers + V215—axx 


PM (vy 2rx—3x): AP(z)::Rm(7=):MR = 


& & | 
— 


= 


and the infinitely ſinall Sector MAR= {AR x MR = 


2V 21 x==xx 


to the given Fluxion, whence its evident that the Segment AOMA is the 
Fluent of the Fluxion given. 


Suppoſe you are to find the Fluent of the Fluxion xx x 27 — xx 


From the Center C, and Radius CA r deſcribe a Circle A FEM, and 
make AP = x, Pp = x, PE = 2r — x the Circumference of the Circle 
AFEM = c, and the Sum of all the xx x 2/275 — xx ==. 


1. Suppoſe the firſt among Sir Iſaac Newton's Examples, viz. an qua: 
tion involving any Fluent and its firſt Fluxion — oc other — 


viz, aa = av + vv 
and compleating the Dimenſions avy = auk + vr | 
* Then 
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aav 232 3 4 
a , 


and you'll have 2 2 


ay vv 
0 6 
And F: gs x to the Area of the Curve, i. e, by 
ſquaring 2 Curve whoſe Ordinate is 70 7 — and Abſcifſe v, you'll have 
the Fluent z. 
2. Thus for an Xquation involving two Fluxions of the ſame Fluent, 


without any other Fluent, as the firſt and ſecond, viz. aav = avs + bb: 
Or, 


3. The Second and third, c. as aav = az A vi, or third and 
fourth, c. ad Inf. without involving any other Fluent ; the Flu- 
ent may be found by the Quadrature of Curves, as ſee Sir I. Newton's 
Proceſs in Prop. 11. and Schol. at the latter End of his Quadratures : * 
And the Reaſon is, becauſe fuch Fluxions, of what Degree ſoever, are 
equivalent to the Quadrature of Curves, as we have faid before. 


4. Suppoſe this Equation a— ba- = cxy'y + dyyy; Make 7) = v, 
then will a — bx* = [cxv + dov. This Equation by ſquaring a 
Curve, whoſe Abſciſſe is z, and its Ordinate v gives the Area v, 
and the other Equation v, = yy, by {taking its Fluent gives 
v=— * whence you have the Fluent j. 


5. Suppoſe c F = f f iy make x = 1. 
and the latter part rex'-'y + 1 y by taking its Fluent be- 


Ses Sir Iſaac / Scheme, 
comes 


(79) 
comes ex- A 57 1 , which is as the Area of a Curve whoſe Abſciſſe 


is z, and its Ordinate ax" + Þx"} , and thence you have the Fluent . 


| 2 
6. Suppoſe x x ax® + bx"|* = == and a Fluent whoſe Fluxion is 


xx an" D will be as the Area of a Curve whoſe Abſciſſe is x, and 


its Ordinate r., and a Fluent whoſe Fluxion is 7 vill be 


* a 1 4 
as the Area of a Curve whoſe Abſciſſe is y, and its Ordinate 7 


CHAP 


* by 
8 N n : 
So * 4 8 * 
* a » 
= = 


| >. Wo = 0 
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, a —_ 
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CHAP. XI. 
Of the Compariſon of Curves. 


IR Iſaac lays down in his 95th and 8th Prop. the Foundation of a 
8 Sek of — al going on ad bf Bi the Compariſon of 
Curves. The th Propoficion runs thus. 

Suppoling the Series e + fs + gz" + bz», &c. =R, and in the 
Ordinate of any Curve z** * RE", let there remain the given Quan- 
tities 0, 1, a,s, ,, g, &c. and for 7 and 7 put ſucceſſively any Integer or 
whole Numbers : And if there be given the Area of one of the innu- 
merable Curves that are denoted by the Ordinates ſo coming out, if 
the Ordinates are Binomials under the Vinculum of the Root, or if 
there be given the Areas of two of the Curves, if it be a Trinomial 
under the Root, the Areas of all the Curves in the Series will be 


ven. 
* — for Example, the Ordinate of one [given] Curve to be 
i R*=1 and the Area pA; R being a Binomial Quantity e + f= 
And fince by Prop. 3. viz. in Sir Iſaac's Book] z*R* is the Area of a 


Curve whoſe. Ordinate is „F- Rx-r ſubtract the former 
Ordinate and Area from the latter, and there will remain 

de +8 T uf 2 R 

be- PN ien zRa—pA= to the Or- 
dinate and Area of a new Curve. Now make 8— p =o, and the Or- 


dinate will become 9 + auf x RY" and the Area 25 de; divide 
both by F + f, and you'll have z 11 for the Ordinate, and 


B= to the Area; and aſſuming any Quantity 9, 2B will be 


the Area of a Curve = correſponding to the Ordinate 
qa4=1RX- 2, 


2, Sup- 
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2. Take now the Ordinate a 95 Adee &'-! Ni, and make 


if +arf— g =0 there remains therefore 8 + 2anguzix - i i to 
the new Ordinate, and x R — FB -f, for the new Area. Divide each 


Part by 8g-þ 2A, and you'll have 2˙ x flor, . R. "R*— 0f3 —anfſB 
LETT: 


And aſſuming anyhow r you'll have i. R —Ä 5 — 7an/B 
Ang 
= to the new Ordinate and correſponding Area = rC. 


92 gh 
3. Take now wat Ge + pb eue, NI. . | 23>. Youll 
— 7 - 


have 0g + 2 — r = o, or g ＋ 2ang r, and you'll find Ee 
z i R*-1= to the other new Ordinate and z*R*— rC = to itscorreſond- 
ing Area, that is (by reaſon of r = 8g + 2ang) N — IgC— 2angC. Di- 
vide now each Part by h + 3anþ, and you'll have x2 x 29-1 a=: and 


Rd — fzC — 2N⁰ C 


65 ＋ 3and 


6 N 
for the Ordinate, and for the Area fe 8 = 1D, and fo 


on; ſo that a Series of Ordinates and Area's found after this way will 
exhibit it ſelf as follous. 


OD, and aſſuming anyhow s you'll have z ts - IR- 15 


box 
M V R 23 EET - 2 
9 n 5 0 
ox) $30=1 N c — 7 R — 79 — 270 &c 
* = . * . . — h Fr) 7 0 


ad Inf. in the Binomial Kind. 
* Sup- 


( 82 
Suppoſe now R = e + fz gz, for Trinomial Curves which are 
to be Squar'd by help of two given Curves, viz. fromthe given Ordinates 
px?” «xi and 2 '»=* R*-?, and the given Area's pA and gB. 


Ord. Ar, 
Aſſume de + + L* 7 — L x IRI. R 
Subtract p 4.8 


be + of 
_—_ * 8 1 x 1 R NE 2 R'— pA—qB= 


to the new Ocdinate and Area. Make now de —p = o, and gf + f 

— q =o, and the Ordinate will become ig + 2ang 20+ 2*-1 Ri, and the 

Area z'R*—%A—9f B=,xfB. Divide each Side by 8g + 2, and 

EN. be- BJB 
. o+ 2% 

and aſſuming any how r, you'll have x u p*: = tothe Ordinate, and 


youll have x*f=-1ga—r+ + * + + + » 


2 _ = CS to the Areg. 


Suppoſe now the Ordinates gz%#*- R*-! and 121221 i, and the 
| Area's gB and C given. 


be＋ t + 67 . x 
Aſſume e + wn 2ang 72 .- Tau, Far AN-. and the Area x R.. 
2 


Make ge —p = 0.8f+arf—q = o, and bg + 2 —r = o. And you'll 
have 9þ + 3anb 23» x S to the new Ordinate, and 2 — 9B 
—7C = to its Area, that is, z*R* — fB -f B — bgC — 22 C = 
to the Area; and dividing each Part by gþ + 3anb, you'll have 


28 +34 —1 RA—1 and R — n — n — C — zA C 
UDT 


, and aſſuming any- 


- | 4 * 3 5 
how : youll have 1 ee to the Area 


of a Curve whoſe Ordinate is 2“ r*-?, 
Sup- 
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Suppoſe now the Ordinates of 2 Curves x N N, 
and their Area's rC and 5D. 


bet 6 : 95 
Aſſume = 4 5 iT la 2,20 T 3Anh PL» F ok Nas x xf-"! 2 
—7 ag — 4Ank 


make now be —p = o, 8f -þ auf — q = o. bg + 2 —r = 0, 

6b + 3 —s = ©. and you'll have qTqanxizY x R = to the 
Ordinate, and g -C- D S to the Area. That is, R — C- 2 
— D- 3»»bD S to the Area. Divide each Part by 6k + 4ank; and 


you'll have R- i and NEC =D D and ha- 
Ok + 4ank 


ving anyhow afſum'd t you'll have t. i = Ordinate of a Curve 


. vo) — pi * — — . 
whoſe Area is N 8D —3anbrD and there is the ſame 
Ok + 4ank 


Reaſon and Way of proceeding for all Multinomials ad Inf. which fall 
under theſe Theorems. And any two being given (or taken any where) 
you may proceed either backwards or forwards as far as you pleaſe. But 
there remains the Second Caſe, which is this. 
Caf. 2. Suppoſe now the Ordinates pa N. gz? #*-' N multiply each 
by R, anddivide it again by R, and you'll have 
R) px e (pz "1h = 24-1 RI x pe + pfz” + DN + phzy, Wc. 
R) 1 RN. (qu) . R = gol RIAN ge = 08%”, &c. 
Aſſume from the Third Prop. of Quadratures. of Sir Iſaac Newton 
the interm<diating Area's and Ordinates. 


Ar. | Ord, 
a“. . « bae+ haf + anaf 2 + Oag 
20 ag 
DN. . . De + en + Obf | 
"bf — i Ri, &c: 
anf 


The Sum of theſe 4 Area's is pA + 9B + az#R> + b R and the 
Sum of the correſponding Ordinates . Z 2 


ro ä 


dae 


big 

nbg xX M 24-1 RN 
210 
1 


' Make the firſt Term Sor dae + pe = o and de = —pe and da = 5. 
Whence - 
2. haf + af + bbe + vbe — bf + ge = o. Whence p vaniſhes in 
the Definition of q) Whence 
3. bag + 2anag + gbf + nf + f + pg + gf = o. Whence again 
p vaniſhes in the Definition of 3. Whence 
4. bg + nbg+ 2anbg + 9g = o. And gg = — 6b —nb — 25. Then 
by expunging (by the third) p and 9 
bag + 2anag o+ Gf + nbf T anbf — bag — Of — nf — 2anbf = o, 


or 2anag —anbf = o, and 2anag = hf or 2ag = bf and—* =b. Whence 
the ſecond, viz. gaf + Mf + 8be + nbe + pf + ge becomes daf N 
ſecond Term; and ſo the Sum of the four Ordinates is 


avaff = D- a=", and the Sum of as many correſponding 


Area's is az? N + 55 (for q is 


= — 2 298 4%, Divide theſe Sums b aff + 4avaxe, 
n I EE EY 
that is, by the Coefficient of the Sum of the Ordinates, and if the latter 
Quotient be called D, Dwill be the Area of a Curve whoſe Ordinate is 
the former Quotient 2 R, &c. Q. E. I. 
Now for the Ordinate 2 Rg 
— 9 — N 


ele, Crhen by exterminating the Quantities found 


band q 


185) 


z &qꝗ in the 2d Term you find p, which is to be ſubſtituted in the iſt Term, 


-H eee b x65 ue = be + nhe) 


+ pf be — nbe — be = © or baf + anaf + pf — Ane = o, and 


ſubſtituting b in 2anbe you'll have ee eee =p and 


2 — ＋ =pe+6ae. Whence making as before —0h—b 


= wab=qand ELLE =bang LE nmr up, 


you'll have, 1. — — — 1 —1 N to the Ordinate. And ax R 


dag + 2an ag +7; S R .. ms nh A 
anf 2 —F# 


(——n —þB=) EEE DT —DaxB; And di- 


viding on both Sides theſe Sums found, you'll have 
9 6g 945. baff t 2d —ahnage =f 02g 4 h + pg , #=n—=2%z 
az Ro Set tip . A — X — 
avaffe — 4Anagee —fe E 
ew f 
C = to the Area, whoſe Ordinate is 2 RR. 


—— 


SCHOLIVUM. 


You are to go on in a like Proceſs in the other Caſes of theſe Propo- 
fitions, and you have a Way open'd to other Propoſitions, which go on 
in ſuch like Series ad Inf. As px”: and N to which there 
anſwer'd pA and qB became pe + pf& + pgz” x N Ri and 
ex- + gfz®", &Kc. X I, fo r i and ft pm), to which 
there anſwer D and: -C, if they are multiply'd as before by e + f, and 

2 di- 
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; @) X | 
divided by the ſame,will become --: x re + 1ſz" t E, &c. and 


0 
4 71 76 Ne + x , &c. ſo a , to which anſwer'd, c. 
AE and F if multipliy'd and divided as before, will become æ2· r>-3 


and g u iR -3, c. ad Inf. and theſe Sorts of Proceſſes, as laid down 


in the 8th Prop. and others that may be form d after the like manner, may 
be continu'd ad If. 


Dr. Cheyne, inſtead of the Areas of Curves, compares the Fluents of 
given Fluxions together as follows. See Pag. 94. 

Caſ. 1. Where the given Fluxions are expreſſed by the ſame Inde- 
terminate Quantity, and included under no Vincula, or Radical Signs, 


you may make the Compariſon by common Diviſion, as the F: x" x is 


5 - 8 1+ 
to F: x*x * — 
Caſ. 2. Where the given Fluxions are expreſſed by the ſame Indeter- 
minate, and are under the ſame Vincula, and have the ſame Quantities 


comprehended under thoſe Vincula, he makes one of the Fluxions = a 


to be compar with the other B, and the Canon for the Fluent of à to be 
found by the before delivered Methods = C, and the Coefficient of the 
laſt Term breaking off in that Canon = Q, alſo the Canon for the Flu- 


ent of B=D and the Coefficient of the laſt abrumpent Term = P; and, 
ſays he, you'll always have A = mQB + Cand B =n?A + D, and 


mQB + C _aPC+D A mQD+C 
conſequently A = — 1 and B 1 alſo B FN 
where m and u in any given Caſe will be given Quantities. 


& — . 


Caf. 3. Where the given Fluxions are expreſs'd by the ſame Indeter- 
minate, but either have different Vincula, or different Quantities com- 
prehended under the Vinculum, or both different Vincula and different 
Quantities — — under them, you may compare by the prece- 
dent Caſ. both Fluents with the Fluent of the Fluxion ariſing from the 
Produtt of the Quantities denoted by the Vincula into the Fluxion of 
the Indeterminate Quantity, and conſequently you'll have the Relation 
of rhe one to the other. But here the Quantities of ſuch Fluents do nor 
come out finite, according to the Conditions, except they degenerate 
into the firſt or ſecond Cafe, 


CHAP, 


687) 
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CHAP. XII. 
Of the Transformation of Curves. 


HE next Principle of Sir Iaac Newton (we ſhall here mention) 
for promoting the Quadrature of Curves is taken from a Pro- 
poſition in the Sixth Element of Euclid, viz. from the Conſide- 

ration that thoſe Rectangles are equal, whoſe Sides are reciprocally 
proportional, whence the Areas of thoſe Curves are equal, whoſe Ordi- 
nates are reciprocally as the Fluxions of the Abſciſſes: Becauſe the Ele- 
ments of the Curves, or the Fluxions of the Area's, conſtitute ſuch Rect- 
angles, when the Ordinates are parallel to one another, and at Right An- 
gles with the Ax, and hence ariſes a Foundation for innumerable Com- 
pariſons, ſome whereof he explains in the following Corollaries. Suppoſe 


e. g. the Ordinate 2!- x e? + gz, Nc. . And taking any Quantity 


=y, and making 2 x, * will = x, whence z = vxx'-* andz = 


E 1 . vx F 8 
. and (by reaſon of - =z"- i) you have alſo a But æ:z :: -i: 
n 
» W-yx 
* for * ue 4 „* " 8 
— 7 — 1 1 n — v — 
— & 2 188 Whence 22 I —= 7 — 5 * = \&c.8& Coroll. 3 & 


4. follow after the ſame Method. Suppoſe in Coroll. 5. * 1 x D 
make = Xx 2 | | 
then will x a= x=0 
or * =2! 


I 


and x-9-1 = 24-1 = ft! 
After 
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After the ſame Way again, becauſe 


1 
n 


„ @ 


or — 2 ànd 1 2 zx 


1 
and - S = R 


% 


7. 


and * = hence 


29-1 * ſw gr" = xt1xe+ fxa—"+ 7 — rr o 
Eft aa). After the fame way - FO ent N =o 


x 6+ fx" gx ban = of FI x o+ fo" o+ gut + bz'7 ic 
& ſo for the reſt. So that now for any given Fluxion, or Element of a 
Curve, ſuppoſe it was required to transform it into any other, which 
ſhall be the Element or Fluzion of an Area of another Curve equal to 
the former. 

Alſume a new indeterminate Quantity x in any given Reaſon to the 
former 2 (which is ſuppos d to be the Ax in the given Curve to be 
— ds ) and this aſſum'd x will be the Axis in the Curve ſought, 
a OW, 

F, Find the Values of z and y expreſſed in the Terms of x. 

2. Take the Fluxion of the new Abſciſſe x. 

3. Make this Proportion, viz, Let the firſt Term be the Fluxion of 
the new Abſciſſe; let the Fluxions of the firſt Abſciſſe and Ordinate ex- 

reſsd by the new z be the ſecond and third Terms, and the fourth 
erm that ariſes from hence will be the Ordinate of the Curve chang'd, 
and the Rectangle of the Extremes will be the Element of the tranſmu- 
rated Area, and the Rectangle of the Means will be the Element of the 
Curve propos d. : 
Suppoſe now the 2d Ordinate in the firſt Table of Sir Iſaac Newton, viz. 


| = , now to transform this Curve into another equal to it, 


and whoſe Axis is x Aſſume x = . Thence z=", and 
| . 
* 11 ir. SEM d 1 _- ; 

B = . 4 EW & f © 7 7 · Nom make this Pro- 


8 Sus * d d 2 d 
portion x : 2 (= — #* i (N met fat the 


fourth 


189) 


fourth Term will here be the Ordinate of the Curve tranſmutated or 
chang'd; fince the Element, viz. the Rectangle of the Extremes is equal 


to the Rectangle of the Means; and the Rectangle of the Means is the 
Element of the Curve propos d. 


d 
Therefore the F: ET or the Area of the ttans form d is equal tothe 


Area of the propos d, vi. to the Area of the Curve whoſe Ordinate is 8 


This may be ſometimes perform'd more conciſely by ſetting down for 
the firſt Term of the Proportion the Fluxion x expteſsd by z, for 


the ſecond and third x and == and the fourth that comes out thence 
will be the Ordinate of the transform d, afterwards expteſsu by x. In the 


day = 


laſt Ps where = x the Proportion will be x u 1 * * = 
and ſubſtituring x in the Room of the Ordinate of 
Fer " ng the 


8 d , . 
transform'd will WEIR" And the Element of the ſaid Area will be 


ds dx 1 4 
meſo , , ( e © to be the 
Square in the quilateral Triangle, i. e. that d = * AG x KG, and that 
ef = 1, e Kr, x = Fl) is the Element of the Qnadrilateral Hyperbo- 


, 3 I I = 0. 
lical Space Elif multiply'd by —, and NF: If that Quadrilate- 
ral Space ſupposd as Given. After this way the Fluent of the 


Fluxion = is equal to the Hyperbolical Space between the Aſymtotes 


Flif of the Xquilateral Hyperbola multiply'd by — And if che Reader 


has a mind, he may, from this Curve as given, find by the precedent 


| —_ 0 | 
Chapter the Fluentsof the Fluxions Xs 7. Nc. and wien 


he has found them, regiſter them in r Table, as Sir Iſaac Newton has * 
a nd 


See Scheme at the latter End of this Treatiſe, 
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| And after the ſame way you may proceed for deb” x7 + Fel ,&. 


vix. by ſubſtituting y E = x, &c. ad Inf, 
ex fu" 


Suppoſe 2 2 to be the Element of a Curve, whoſe Ordi- 
nate is © ve + fz*, this depends on the Quadrature of the Hyperbola 
or the Ellipſe, or onthe F fx, by ſuppoſing z" orz-* = XxX, 


Whence 2 x. ny = x, XY, & —M—_— 2 . 
Then x (- x :)z 1 deiN ver fe: 2 2 Ve + fz", and ſub- 
Niituring x forz in the laſt Term, you'll have 25 — x Mexx; and 


multiplying by x, you'll have for the Curve tranſmutated 
—— SFT. And ſuppoſing as known F . 


you'll find by the precedent Problem the Fluent of — = x WET. 
viz, the Fluent of the Fluxion propos d. 


Let it now be propos'd to tranſmntate pt into this, vix.— f 
— x7 


(which is the Element of the Sector of a Circle where F is taken for an 
Arbitrary Unity, which is alſo the Diameter of a Circle) by making 


2 f; whence v f KF N RTF ==> 
2 1 3 2 = _ = _ 222 . 
Es I & xx end & x F. 


az, 
— ):z:: : Fw = & xz + F/* 
Fr — 25 + 22 52 
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= Ix 4 a 
 2zX ＋ 2 -(b "7 —fxx becauſe 
-£ 


d 
= * r ä ES” — . 
d 
1 ym and multiplying this Fourth Term by the firſt x 


you'll have — = to the Element of the Sector of a Circle 


dx 
20 — 


multiply'd by a conſtant Quotes. —a, Which muſt yet be 
— d by * ſuppoſing F to be both an Arbitrary Unity, as 


well as Diameter of the Circle. In the laſt Place Suppoſe 

the —— of that Curve ( heretofore propos d by Leibnitz to 
8 1 

Oldenburg) — on ke xx= bra then will æxu 27 rru 

and (by taking their Fluxionz) 2xxu-4 x ri or a4 = ——=r7u— xxN 

5 — x; — 


20.0 271 — un = 2xu e - = u 2] -n 


mu 27 — rruu n — 277 — run 


And æ II — 2 ——_ rms tab — 2 


2 2ru — un im- , 2 


= — —— and forming this Proportion u: x (= — 7 — 


21 — Ul 


/ 


Br fx» —, Int ): — = rn = and you'll hace 


TN V2ru — un 
uy 27 — un for the Fluxion of the transform'd or chang d Curve, and the 
F: 1 2 in will expreſs the Area of the Circle. 


CH AP. 
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SPBISSHIBVSBS: GRBs 2 

PEPPLE ELSE SESESPLPED 

r : 
OR 


The CONCLUSIO N. 


A Synopfis or Review of the Inventions exbi- 
bited in the precedent Chapters, &c. 


HAT we may now come to a Conclufion ; It will appear evi- 

dent from what has been ſaid, I ſuppoſe, that oo one Newton 

| was the firſt Author of this Method (under hat Name ſoever 
it may appear; } and that Leibnitz did not fall upon it till long after, 
even upon Suppoſition that he had it not from his Correſpondence with 
Sir — which many ſuſpect, and while theſe Papers have been under 

_ the , and almoſt brovght to a Conclufion, there has been publiſh'd 
a Treatiſe, by Order of the Royal Society, containing rhe Commerce by 
Letters between Mr. John Collins and others concerning the Promotion 
of Analytical Affairs; wherein the whole Curry concerning the 
Author of The Method of Flzxions, or the Differential Calculus, is de- 
hivered in the Original Letters between Sir Iſaac Newton, Mr. Leibnitz, 
and others, and fully and clearly laid open. Wherefore in Room of 
what we had otherwiſe concluded with, we have choſe to repreſent the 
Matter as extracted from thence; whence it appears that Sir Haac 
Newton had this Method before the Years 1664 and 1665, and had ex- 
hibited the Extraction of Roots in Species, and alſo all Fluxions, as 


firſt, ſecond, third, &c. ad Inf, by this Series, viz. by r ©” 
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as may be ſeen in his firſt Epiſtle to Oldenburgh and his Schol. of 
Fluxions at the End of his Quadratures. He writ the firſt of theſe 
Epiſtles the 13th of Fare, 1676, and the other 22 O&ob, the fame 
Year, deſiring they might be communicated to Mr. Leibnitz, In the firſt, 
befides the Extraction of Roots in Series, he gives the Qu:drature of 
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Quvadratix, which plalaly (to ſpeak in Mr. Leibnitz's Stile) Involves 
the Summatory Method. In the Second, he Communicated the Inven- 
tion of Fluxions and Fluents Conceal'd in tranſpos'd Letters (as was 
ſhewn at the beginning of this Treatiſe) as alſo two Methods for 
Fluxional Equations, with Examples of Quadratures, and an Intimation 
that he had for a good while, had Methods for comparing Curves with 
one another, pag. 76. 79. He modeſtly obſerves, that Mr. Leibnitz, in 
offering a Series for finding the Cofime from the Arch, could ſcarce take 
notice of the Series he had ſent but a little before, for finding the Verſed 
Fine from the ſame Arch given; becauſe theſe two are one and the ſame, 
He gives moreover (amongſt many others which he had for the ſame 
purpoſe) two Theorems for Reverſion from Areas to right Lines; but 
thought fit ro Conceal another Method which he had for the ſame pur. 
poſe. This was the Direct Method of Fluxions; and then he ſays, that 
the Inverſe Method of Tangents, and other Problems more difficult then that, 
were alſo in bis Power, viz. By the help of thoſe Fluxional Methods, which 
he then decipher'd in an Enigmarical ſort of way, to apt Interpre- 
ters, if there were any ſuch, Bur Mr. Leibnitz (as it there appears) 
had in the Year 1673, another Method of Differences; and Mr. Col- 
lins, in or about the Year 1670, began to Communicate Mr. New- 
ton's, and in 1671, Mr. Gregory's Series, to ſome Friends. It was 
in the Year 1673, that Mr. Leibnitz was in London, but he Com- 
municated no Series at all there, but what he had receiv'd from 
Mr. Oldenburgb; to whom he writes from Paris, March 30. 1675. 
That He underſtood from Him, Mr. Newton had the Invention of all 
Sorts of Quadratures, and the dimenſion of Surfaces and Solide gene- 
. rated by Revolution, and of Centers of Gravity, by certain Methods of 
Approximation, which Method (ſays He) if it be Univerſal and Commo- 
dious deſerves bighly to be eſeem d; and he makes no doubt, but tis 
every way worthy of the moſt Ingenious Author, Nor is there any 
-mention made at all of any diſcoveries of his own in this Kind. 
May 20 1675, He ſpeaks of ſome Series receiv'd from Mr. Collins, 
that they might be compar'd with bis own. And the fame Year 
1675, He had a certain little Treatiſe compos'd about Arithmetical 
N which, (ſays the Commentator upon the Commercium 
Epiftolicum) was the very fame, which Mr. Gregory Communicated 
ro Mr. Collins, in the — pas, Pay the Year 1671, and which Mr. 
Oldenburgh Communicated to Mr. Leibnitz this ſame Year. And 
he goes on (viz. the Commentator aforeſaid) ſpeaking of this Me- 
thod of Quadrature, Mr. Leibnitz bas Compord a Treatiſe on this 
Subje& after the Common manner, and began this Year to Communicate 
it to his Friends : The next Year He Poliſhd and fitted it up, to 
Communicate to Mr. Oldenburgh : The third Year, returning back in- 
to bis Courtry, He began to be concern d in Publick Bnfmeſs, and the 
Work Si unde bis Hands tao, He bad not leiuve to W. ery 
art 
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farther * Preparations npon it, in order to its reing the Light. Be 
He thought it not ot while, to handle 115 ings Prolixly js, 
Vulgar way, which bis New Analyſis, would exhibit in a very little 
Compaſs. Therefore, This New Analyſis, was certainly diſcover d, af. 
ter My, Leibnitz bad ginen over Poliſhing and Corre&ing his Work, 
Compos d after a Vulgar Method, and after He began to be concern d 
in Publick 4fairs. So that it was in the Year 1677, that Mr. Leib. 
nitæ firſt began to Communicate his Differential Method to his 
Friends; tho He had had ir (as He fays) a great while by Him, 
and had perform'd the Buſineſs of Tangents by the Differences of 
Ordinates ; But He had alſo perus'd 'thoſe two Letters of Mr. New- 
ton, before-mention'd. And = for all this, in his Letter Aug. 27. 
1676. attempting the ſame Problem, He delivers the Method of So- 
lution in a Prolix and tedious way (which as the Commentatcy wel] 
obſerves, He might have exhibited in very few Lines, by his New 
Analyſis, provided He bad then been Maſter of it; From whence He 
concludes, that Mr. Leibnitz had not that Method at that Time) 
and asks farther, How Mr. Newton went to Work in the Method 
ef Reverſions, as when He finds the Number ſrom the Logarithm, &c. 
wiſhes for a Demonſtration of Mr. Gregory's Approximation, &c. And 
ſays, That various Problems are of ſo dark and perplexd a Nature, 
that they neither depend upon T nor Quadratures; of which 

Sort (amongft many others) are thoſe of the Inverſe Method of Tan- 
| ts, which Cartes ond He was not Maſter of. Mr. Newton re- 
ply'd, that He could Solve all theſe Problems, by bis Equations; and 
upon this notice from Mr. Newton, then and not before, as the 
Remarker obſerves, Mr. Leibnitz ſaw all this to be ſo. And (He 
goes on) if My. Leibnitz, had then known any Thing of Differential 
Equations, He bad never ſaid, that the Problems of the Inverſe Me. 
thod of Tangents, did not depend upon Equations. 

May 12. 1676. He receivid from Mr. Collins, by one Moby 2 
Dane, two Theorems of Mr. Nerton's, expreſſing the Relation of 
the Arch to its Sine, by Infinite Series; as follows, viz. putting 
the Sine = x, Arch = z, Radius = 1, then will 


z=x + £9) +55) + a" + 11 &c. 
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This He thought to be wonderfully Ingenious, and defred the De- 

monftration of it; which He afterwards had, at his requeſt, of Mr. 

Newton, together with the Series themſelves, and the Method of 

coming at them, and tho' He did not then ſo clearly underſtand 
He found them afterwards among bis old Papers. But He 

| had (it ſeems) accuſtomed to theſe Sort of Arts, before this: 


For 
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For whereas Mr. _ (amongh many other Series) diſcover d one, 
for finding the Nat angents from the Arks, and vice verſa; viz. 
making inn r, the Arch = a, the Tangent = t, it will then be 


FR "087" © 209 + none 62a | 
vun TIM Tr &c. and converſely, from 


he T find its Arch 8 
the Tangent to its Arch a = ben 2 
This Series (ſays the Commentator) Mr. Leibnitz had from Mr. Gre- 
ory, in the beginning of the Tear 1671, and paſsd it amongſt his 

riends in France, as his own, without taking any notice at all of 
Mr. Oldenburg's Letter, in which He receiv'd it. 

More of this Sort of Correſpondence, and of theſe Artifices too, 
be met with in the foregoing Treatiſe ; but theſe few hints ſhall ſuffice. 

] ſhall only mention farther the Teſtimony of Mr. Fatio, R. S. H. 
which we have in his Geometrical Inveſtigationof the Line of Horte de- 
ſcent, Printed at London, 1699, pag. 18. where we have theſe Words. 

The plain and undeniable Evidence o Things, oblidges me to acknow- 
ledge Mr. Newton not only as the Fir, but as, by _—— the 
Firſt Inventer of this Calculus ; from whom, whether Mr. Leibnitz, the 
Second Ioenter, borrowed any Thing or no, I bad rather they (who have 
feen Mr. Newton's Letters and other Manuſcripts ) ſhould Fudge, then I. 

To the ſame purpoſe is the Sentence of the Royal Society, an- 
nexd to the end of the Epiſtolical Commerce; to which Sentence 
Mr. Leibnitx had Appeal'd, upon the occafion of Mr. Keil (now 
Aſtronomy Profeſſor at Oxford) his Vindicating and aſſerting the In- 
vention to it's proper Author. It is as follows; ; 

„We have ſeen and confider'd the ſeveral Letters, and Coppies 
„of Letters, as well thoſe in the Archives of the Royal Society, 
« as thoſe which are preſerv'd amongſt Mr. Collins's Pa be- 
« tween the Years 1669, and 1677. And of theſe thoſs which 
“ bore the Names of Dr, Barrow, Mr. Collins, Mr. Oldenburgb, and 
„Mr. Leibnitz, we are well aſſord they were theirs, upon the 
Credit of ſome who were perfectly well acquainted with their 
“Hand- writing. As for thoſe which bore Mr, Gregory's Name, we 
« are ſufficiently ſatisfied of the Genuineneſs of them, by Mr. Col- 
4 ins, who Tranſcrib'd ſome of them with his own Hand. Out of 
„all rheſe, we have taken what we thought properly belonging 
to the Buſineſs committed to us: And thoſe Excerptions which 
« are now offerd to you, together with the Letters themſelves, . 
« we find to be fairhfully and juſtly made. | 

* Now from theſe Papers and Letters, the following Articles ap- 
e pear plain ro us. 

1. That Mr. Leibnitz was at London in the coming on of the 
« Year 1673, from thence he went to Paris in March, or there- 


_ * abouts, 


8 ee 
ns 0 r as long as pt. 167 then, 
. Hminover, b the way of London and Amſterdam 
> And that Mr. Collins did- reely Communicate to other Mathe- 
"I what He had receiv'd from Mr. Newton and Mr. Greg egory. 
“That Mr: Leibnitz, when He came to London the firſt — 

Y wade himſelf the Inventer of a certain Differential Method, 
& ! callelf; and rho? Dr. Pell, ſhew'd Him that the very — 
— 0 diſdoverd by Mr. Montcn before, yet He ſtill perſiſted 
< to: aſſert his on Right to the Invention, as well becauſe, He 
<. had (as He ſaid) found it out himſelf, having never ſeen what 
„ Monton had done, as becauſe He had made ſeveral Improve- 
„ments to it. Nor do we ever find any mention made of any 
*+ other Differential Metbod, 'bur this of Monton's, before what we 
“ have in his Letters dared Fane 21. 1677; that is, not till a bol, 
« Tear, after Mr. Newtor's Letter of December 10. was ſent to Paris 
go be Communicated 10 Him, and Four Tears after, Mr. Collins began 
to Communicate the ſame Letter to his Friends and Correſpondents. 
And tis plain, that the Merbod of Fluxions is evidently enough de- 
4 ſcribed in this Letter, to any proper Judge of theſe Matters 
* 4 »Tis-manifeſt from Mr. Newton's Letter of Jane 13. 1676, that 
< the Method of Finxions was —— to Him, Five Tears before He wrote 
that Lener. And it appears by His 4nalyfis of Equations having an Iu- 
A in Number of Terms, (eich . Barrow Communicated to Mr. Collins, 
2295 tharHe bad diſcover d the Method even before that Time. 

feremial Method is one and the ſame with the Me- 

ing only —— Name and the Notation. For 

thok Quantities Differerices, which Mr. Newton 
4 calls — — mich the Letter 
* 4, which Mr. Newton makes no uſe of. 

And therefore ws think the main Queſtion to be, Na who found 
« This or That Method, but who it was that firſt of all. found the Mc- 
4 f Bod it ſelf If. which (in all theſe Dreſſes) is but one. Alſo we believe, 
< That thoſe Perſons who efteem'd Mr. Leibnitz the foft Inventer, Inew lit- 
«xl or — ok 7 the Correſpondence which paſid between Mr. Collins and 
. Hin, nor did not know, bat — * Rasa 7 * ame Me- 
7 ull fifteen Tears before My. Leibnitz t inen 0 

l 15 4.445. — all which, ve cout lade 12 Newton to 1 
that My, Keil, in af 


